Solutions to Problems and Projects for Chapter 9

9.1. This is a warm up exercise using a basic result from Section 6.2.

i Fz) =212+ C=32"+C
ii F(:c)zSEx%—i—C’:%x%—i—C
i, F(r) =3 220+ 1. 707 1 C =1 + La7 4+ C
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9.2. By antidifferentiating term by term,
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9.5. The graph of y = 23 is sketched in Figure 5.11(c). By raising this graph by 1 unit, the graph
4
of f(x) =23 + 1 is obtained. The area is given by / (2* +1)de = j2* + 3 =64 +4 = 68.
0

9.6. At its highest point, the parabola y = —3z? + 92 + 1 has a horizontal tangent. At the
x-coordinate of this point the derivative % = —6x + 9 is equal to 0, so that =z = % = %

The y-coordinate of the corresponding point on the parabola is y = —3(2)2 +9(3) + 1 =
% +1= %. The z-coordinates of the points of intersection of the parabola with the z-axis

satisfy —322 + 92 + 1 = 0, so that z = i 92__64(_3)(1) = 9i%/% ~ —0.11 or 3.11. We can now




9.7.

9.8.

conclude that the area in question lies above the z-axis. It is equal to

9493 9403
9.2 39,2
. (=32 4+ 9z + 1)dx 0+ 5 +:1:’98@
6

— —(2098)7 1 9 (9V/08)2 | 9408 [ (9-v08)P ) 9(9-v98)? | 9-VIB] & 16.55440.054 ~ 16.62.

Let’s first get a sense for the shape and location of this area. At its highest point, the parabola

y = —x? + 92 — 6 has a horizontal tangent. Since Z—g = —2x 4 9, this occurs for x = g. The
corresponding y-coordinate is —($)* +9-2 — 6 = -8 4 81 — ¢ = 8=24 — 37 The parabola
A
y=2
1 8 i

intersects the line y = 2 for z satisfying —2? + 92 — 6 = 2 or 2> — 92 + 8 = 0 and hence for
= 2EVEHAME) _ 91vim
2

= 1 or 8. The required area is given by
8
/1 (—2*+92—6)dr — 2(8—1) = —12*+ Iz —6a |f—14 = 185498268~ (—++5—6)—14

R e R T T ]

The first thing we need to do is to find the z-coordinates of the points of intersection of the
parabola and the line. They are obtained by solving 22 — 5z — 8 = 0 for x. By the quadratic

s 25;4(1)(78) = 5*;/577 ~ —1.275 or 6.275. We’ll use the “strip” strategy of

Section 9.2 to compute volumes. So let x be any coordinate with %ﬁ <z < %ﬁ and

formula z =

place a strip of thickness dx as shown in the figure. The upper end of the strip has y-coordinate
= 5z + 8 and the lower end of the strip has coordinate y = 2. So the length of the strip is



9.9.

9.10.

9.11.

9.12.

9.13.

9.14.

5z + 8 — x?. Since its width is dz, its area is (5x + 8 — 2?) dz. The sum of all the areas of all

5—\/§ to 1 — 5+W

the strips with = varying from x = adds up to the area between the line

y = 5z + 8 and the parabola y = z? On the other hand this sum is the integral

5+%/ﬁ 5+V57
2 _ 5.2 1,.3 2
e (5x+8—x)dx—5x + 8z — 3z e
2
= 5(5yTy2 | g(5+yET) _ 1(54¥5Ty3  [5(5=yT)2 4 g(5=y5T) 1 (55T )3

~ 66.278 4 5.445 = 71.723.

Solving 22 + 4% = 4 for y gives y = /4 — 22. The graph of y = v/4 — 22 is the upper half of
the circle and the graph of y = —v/4 — 22 is the lower half. Notice that the definite integral

2
/ Va4 — 22 dx
0

2
represents the area of one quarter of the circle of radius 2. So / Va4 —a? de = 17(2)* = 7.
0

a
The same argument with the circle 22+y* = a? of radius a tells us that / Va2 — 22 de = {7a?

Since / 2vh2 — 22 dx = / V52 — x? dx, we get applying the conclusion of Problem 9.9
that/ VB2 —a? de =3 qmh? = 27

A look at Figure 4.24 tells us that this area is /2 cosxdr = sinx 577 =1—(—1)=2. Not

_xr 5

2
surprisingly, this is equal to the area under one loop of the sine curve. See Section 9.13.

8
1. / %dlenS—an :lng =1n22=2In2 ~ 1.386.
2

4
ii. / e’ dr = e”l’ri1 =t — 1~ 54.23.

-1

Inb In5
n
/ ed:v—e| =M —eM2=5_92=23
1

n2

7
/ %dx:lnxg:ln?—ln?):ln% ~ (.847.
3

The next four problems illustrate what has been described in Section 9.1 in the abstract. Similar

computations were already carried out in Section 5.6.

9.15.

i) glw)Az; = g(0)0.3 + g(0.3)0.2 + g(0.5)0.2 + g(0.7)0.3

=0

= (4—02)0.3 4 (4 —0.32)0.2 + (4 — 0.5%)0.2 + (4 — 0.72)0.3 = 3.785.

The corresponding graph is sketched in (a) below.



ii.

iii.

9.16. i.

ii.

iii.

5
> g(@) Az = g(0)0.2 + (0.2)0.2 + g(0.4)0.1 + g(0.5)0.2 + g(0.7)0.2 + g(0.9)0.1
=0
= (4—0%)0.2+(4—0.22)0.2+ (4—0.42)0.14 (4 — 0.52)0.2+ (4 —0.72)0.2+ (4— 0.92)0.1
= 3.747.

The graph corresponding to this situation is sketched in (b) below.
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The partitions of both (i) and (ii) are coarse relative to the length 1 of the given interval
and therefore each of the approximations of the area under the graph are rough. Using

the fundamental theorem of calculus we see that the exact value of the area under the
1

graph is / (4 — 2% dr = 4z — %x:”‘é =4 — 1 = 32 ~ 3.67. The second partition is

0
somewhat tighter and provides the better approximation.

Since 3 < 3 <1 <2< 23 <3 (note the correction x4 = 25), we get

ALITO = %—% = %,Axl = 1—% = %,AJZ‘Q = 2—1 = 1,A$3 = 2%—2 = %,AJM = 3—2% = %,
so that 4

D f@)Az = fFR)E+ B3+ F1+ F(2) + F(2D)2.

i=0

_ 1 2 1 ] 1 1 3 2_220N2 52
NOW—é<%<—§<1<—§<2<2—§<3andhence

A.CI?O = %—

[SV]] )

_ 1 _ 1 _ 1 _ 2 _ 1 —
_6>A$1_ —Q—E,AxQ—l—g—g,A.ng—

A$4:2—%:%,A$5: —2=

1
3

Zf(wi)sz- =) +fG)s + G5+ ()5 +f(5)5 + f(2)5 + f(25)3%.
=0 _ 3

The fact that % lnz =
3

ldr=Inz|; =In3 -3~ =2In3 ~ 2.197.
3

+2- 4422 +1-4+2- 2+ 242 2=22~2619.
(

see Section 7.11) and the fundamental theorem of calculus

8] | I

together imply that /
1
3

4



9.17. Proceeding from left to right and adding as before, we get
2(0.3) + 55(0.2) + 55(0.4) + 55(0.5) 4 55(0.2) + 55(0.4)
= 0.150 + 0.087 + 0.160 4+ 0.172 4+ 0.059 + 0.111 = 0.739.
This is a rough approximation of the area under the graph of y = % over the interval from 2 to 4

4
on the z-axis. The precise value of this area is / %dm =Inx ;1 =In4—-In2 =1n2 =~ 0.693.
2

This computation involves facts from Section 7.11.

9.18. Proceeding from left to right and adding, we get

1 11 2 2 4 3 7 4 11 5 16 2
0'§+\/;§+\/;§+\/;§+\/;§+\/?§+\/?5

3 ~ 1.67.

1
9
This is a rough approximation of the area under the graph of y = \/x from 0 to 2. The
2 2
precise value is / Vr dr = / vidy = %x%‘i = 2(V2)* ~ 1.89.
0 0

9.19. The relevant formula is / Va2 —a?de = $[zva? — 22 +a’sin '£] 4+ C with a = 2. Applying

it twice, we get

2
/ \/4—x2dx:%[x\/4—x2+4sin’1§]|2:%(0+4-%)—0:7r and
0

0

V2
/ \/4—:1:2dx:%[a:\/4—x2+4sin_1§“\f/§

V2
(V2 V24 4sin™¥2) — ((—v2) - V2 + dsin ' 2]

2
2+4-F+2—-4(-)m) =2+m.

D= N

The circle in question has center the origin and radius 2. To interpret the two integrals
as parts of the area of this circle refer to the figure below. Figure (a) tells us that the first
integral is equal to one-fourth of the area of a circle of radius 2. This is i -2’7 = 7 and
confirms our earlier result. Now turn to Figure (b). Notice that the points singled out are

A A

\ \
\ \
| |
| |
0 2 -V2 V2
(a) (b)
(—\/5, \/5) and (\/5, \/5) Since the segments connecting them to the origin lie on the lines

y = —x and y = =z, respectively, it follows that these segments are perpendicular to each
other. In view of the figure, the area that the second integral represents consists of one

5



9.20.

9.21.

9.22.

quarter of the circle plus two triangles with base v/2 and height v/2. So this area is equal to

122r+2(4(vV2-V2) =rm+2.

The fourth term is 4(%)3 o000 and the next to last term is 4(5 + f(’)’%%o) 0 G5 Since
% =dx = T%)oo we see that n = 10,000. The partition a = xg, x1,..., %, 1,2, = b is
1 2 9,,999 10,,000
0. T5000° 0000 *--+ ° T 16,0000 © T o000 — O

6
f(z) = 423 and the integral that the sum approximates is / 43 = x* |g = 61 = 1296.

0
Since dr = 15555 ooo’ it follows that n = 10,000. The partition starts with a = x¢y = 5 and jumps
1 _ _ _ 9,999 g
by —+— To000 &t each step. Sox1 =5+ —— 10000, Ty = 5+m, Cee Tyl =0+ 10,000 and x, = b =0.
n—1

Taking f(z) = v/, and substituting into Z f(z;)Az;, we get the sum above. It follows that
=0
the sum is approximated by the integral

6
/5 Vadr = 2(z)7 T = 2(6% — 5%) ~ 2.34.
1

Note the correction of the answer in the text. Alternatively, with dr = - = IO—BOO, the choices
1

a =1z =02, =>b=1, and f(x) = v/5+ 2 work as well. The integral / Vb4 azdr =
0

provides the same result. (This integral reduces to the first with the substitution

i. There is very little to do in this part except to realize that ¢ is the only variable in the
expression and that constants can be factored out. It follows that

n—1 n—1
Zf JAw =3 (Rfh=> k= ZZ
=0 =0

ii. After reviewing the prmmple of mathematical induction from segment 3E of Section 3.8,
let S be the statement 12 + 22 + 3% + ... + (k — 1)> = EDMED - Note that the
statement—whether true or not—makes sense for any £ > 2. So with regard to your
review, m = 2. Note first that S, is true because 12 = 1 = @_U(ch = g. We'll now
prove for any k£ > 2, that the truth of Sy implies the truth of Sy.1. So we're assuming
that 121921924 ...y (k — 1)2 _ (k=1k(2k-1)

6

is correct. After adding k? to both sides, we get
12422432 4o (k= 1)2 4 k2 = BDR@ECL g2
Working with the right side, we get

k—1)k(2k—1 2k—1 (k=1)(2k—1)+6k 2
( )6( ) 4 k2 = k[( )é ) 4 k] = k[ ) £ )+ | = k[% +63k+1

— (k+1)(2k+1) E(k+1)(2(k+1)—1)
=kl I = 5 -



9.23.

iii.

iv.

ii.

So

12422432 4o+ (k— 1)2  k? = HEHDEEHD-D)
Note therefore that Si.; is true. We have verified for any k£ > 2 that the truth of Sy
implies the truth of Siy;. It follows from the principle of mathematical induction that
Sy is true for all £ > 2. So with n in place of k, .S,, is true for all n > 2.
We know that

n—1
ZZ'Z :O+12+22+32++(TL— 1)2 — (n—l)fg@n—l)
=0

for any n and therefore that

n—1 n—1

2 2n ) _ b (n=1)n(2n—1) v® (2n3—3n%4n
E f(xi) sz— E:Z— 3 2n3 _3( 2n3 )
i=0 =0

(- 5+ 32)
If follows from the initial information for the problem that all the Ax; are equal to % By
letting n go to infinity in part (iii), two things happen simultaneously: All the Az; go to
n—1

b
zero, so that Z f(z;)Az; closes in on / f(z) dx and at the same time, = (1 -2+
— 0

gets pushed to %. The equality of part (iii) tells us that

b
3
/ xde:%.
0

Zf x;) Ax,— F) 3

7

. As in the previous problem,

Il
=)

follows because i is the only variable in the expression and can be factored out.

We'll let Sy, be the statement 1% 423 + 3% + - + (kK — 1)3 = %(k — 1)?k? and follow the
strategy of the principle of mathematical induction of segment 3E of Section 3.8. The
statement Sy (whether true or not) makes sense for any k£ > 2. Note first that Sy is true
because 13 =1 = i(Q —1)%22. We'll now prove for any k > 2, that the truth of S implies
the truth of Si,1. So we’re assuming that

PB+25 433+ 4 (k—1)3 = (k- 1)%?
is correct. After adding k® to both sides, we get
P42 4+3 4+ 4 (k=13 + k= 3 (k— 1%k + k.
Since
Tk =12k + k3 = 2k ((k — 1)? + 4k) = k2 (k* — 2k + 1 + 4k) = 1k (k + 1)?

it follows that



B4 4+3+ 4 (k= 1)+ = 1k (k + 1)
and that hence Siy is true. We have verified for any k£ > 2 that the truth of Sy implies

the truth of Siy;. Therefore by the principle of mathematical induction, S, is true for
all £ > 2. Changing notation from k to n tells us that S, is true for any n > 2.

iii. We now know that
n—1

D P =041 +22 4344 (n—1)° = L(n—1)*n?
i=0
and therefore that

Zf@ JAz = (B3 8 = ()22 = Blatoanden? _ (24 1y

iv. From the given of the problem, all Az; are equal to l So by pushing n go to infinity in

n—1

part (iii) Z f(z;)Az; closes in on / f(x)dr and simultaneously 2 T ( — % + #) gets

7,0
b 4
/ x?’dx:%.
0

pushed to & 1. It follows that
9.24. This problem is identical to Problem 5.58. Its solution is attended to in the solution set for
Chapter 5.

9.25. By formula (V) of Section 9.2 and the fundamental theorem of calculus, this volume is

1 1
7r/ () dx = 7r/ e dx = Le** |1_2 2(e? —e™) ~ 3.69.
-2 -2
9.26. We need an antiderivative of tanz = 32 Let g(x) = cosz. Since ¢'(z) = —sinx, we see that
tanz = —% (‘T . By a formula of Sectlon 7 11, L(—Inlg(z)|) = —g/((z) (—In|cosz|) =
tan x. Usmg cos § = \2[, cos 0 = 1, and basic properties of the log function from Section 7.11,
% =
/ tanzdr = —In |cosx| |6‘ =—In|cosT|—(—=1In|cosO|)
0

= —In2+4Inl=—-In2:+1In 240
= —5mn2+mn2=1In2~0.347.

This is the area under the graph of y = tanx over the interval [0, 7]. See Figure 4.26.

9.27. i. Since V1 + 422 > 0, the definite integral / V1 + 422 dx is the area under the graph of

1
the function f(x) = /14 422 over the interval 1 <z < 5.

ii. This integral is also the length of the graph of the function f(z) = 2z? from the point
(1,1) to the point (5,25). This follows from the length of graphs formula in Section 9.3
and the observation that with f(x) = 22, f'(x) = 22 and f'(x)? = 422

8



9.28.

9.29.

9.30.

9.31.

9.32.

9.33.

9.34.

3
i. Since /1 4+ x > 0, the integral / V14 zdx is the area under the graph of f(z) =

0
V14 2z fromz=0tox=23.

ii. For y = g(x) = \/L;(l + )7, mg(z)? = (1 + x)2 so that by a formula in Section 9.2 this
integral is also the volume obtained by rotating the region under the graph of g(x) for
0 < 2 < 3 one revolution about the z-axis.

iii. Finally for h(z) = %x%, h'(x)? = z, so that by Section 9.3 the integral is the the length

of the part of the graph of h(x) = %x% from (0,0) to (3,23v/3) = (3,2V/3).
Since the circle with center (r,0) and radius r has equation (z —r)? + y* = r?, the upper half
of this circle is the graph of the function y = /7% — (z — r)? with 0 < x < 2r. The volume

obtained by revolving the region under this graph around the z-axis is

2r 2r
7T/ (r* — (x —r)*) dr = 77/ (—2® + 2rz) do = m(—32% + ra?)
0 0

The segment from 0 to (h,r) in Figure 9.46 has slope 7 and lies on the line y = 2. So the

2r
3

—4
= 3T,

0

volume obtained by revolving the segment is
h
7T/ (5)a?de =7 - %x?’) = i7r?h.
0
This volume is given by

4 4 4
7r/ (\/E)de:w/ xdx:ﬂ-%xQO
0 0

= &m.

Check that

T, ER o, ) >
m| sinzdr+m | cos‘xdr=mw[ (sin®x+cos®z)dr=m ldx =7z
0 0 0 0

2 2
Notice that m / sinfxde =7 / cos® x dx by studying the relevant areas under the graphs
0 0

s
2 2

0

of Figure 4.23 and 4.24. It follows that both of these integrals are equal to %2.

Since dy = 2z, the length of is arc is given by the integral

/ 1+ da:—/\/l—i—élm dz.

This integral is also the area under the graph of y = v/1 + 422 from z = 2 to = = 5.
Refer to Figure 9.47. Since the distance from B to the origin is 2, the x-coordinate of B is equal
to x = 2cos60° = 1 in case (a), x = 2cos45° = 2‘[ V2 in case (b), and x = 2cos30° =
=3 i2n case (c). With f(z) = (4 — 22)2, we get f'(z) = (4 —a?) 2(—2z) = T 50
f'(z)? = £ and hence
VTGP = T 0 = [ = [ =
Since the radius of the circle is 2, its upper half is 27 units long, so that the lengths of the

2r 2w
60 40

circular arcs from A and B are and 2”, respectively. So by the length formula of

9



1

Section 9.3, / ﬁ dr = %“. This verifies the first equality. The other two follow in the

same way.

d
9.35. The description of the process leading to the formula V' = / A(y) dy is complete. It follows

the script of Section 9.1. The only difference is the fact that the partition involves an interval
of the y-axis rather than the z-axis. The argument is valid for any interval [c, d] on the y-axis
and not just those on the positive y-axis (as depicted in Figure 9.48).

9.36. The circle below depicts the cross of the sphere with the xy-plane. Let (x,y) be an arbitrary
point on this circle with 2 > 0. Its coordinates satisfy the equation z? + y? = 72, where r is

!

the radius of the sphere. The circle determined by cutting the sphere with a plane through its
y-coordinate (z,y) perpendicular to the y-axis is also shown. Since its radius is x = /72 — y?,
the area of this horizontal circle is A(y) = 7(r? — y?). It follows from the volume formula of
Problem 9.35, that the volume of the sphere of radius r is

V= [ 7(®=y)dy=n(ry - %)

—-T

r

= 7((r0 = 5) = (=) = G5)) = 4mr

-

9.37. By the surface area formula of Section 9.4 applied to f(z) = xi we get

S:27r/bf(x)\/md:c:27r/bx5\/ 1—|—(%x‘§)2d:c:27r/b\/x(1+%)da:

b
:27r/ a:—}—}ldx.

To evaluate the integral, let u = x + }l, to get

27r/ whdu=2x2ut | 7] = x4 DY - @+ DA,

ati atg

9.38. i. The cone has height i = z and radius r = y. Solving (z — R)* + y* = R? for y, we
get y = \/R?> — (r — R)2 = v/2Rx — 22. So by Problem 9.30, the volume of the cone is

V(z) = smr’h = mz(2Re — 2?) with 2 restricted to 0 < 2 < 2R.

10



ii. By a formula of Section 9.4 the surface area of the cone that the segment from the origin

to (z,y) generates is equal to mys. Since y = vV2Rx — 22 and s = /22 + y> = V2Rz,

we find that the surface area of the cone is
S(x) = mys = mV/2Rx — 22V2Rx = m/2Rx(2Rx — 22) = m(4R%2? — 2Rz®)z
with x restricted to 0 < z < 2R.

iii. By the product rule,
V'(z) = i7[(2Rx — 2%) + x(2R — 22)] = i (4Rx — 327) = 37x(4R — 3x)

so that V’(z) = 0 only for z = 0 and « = §R. Since V'(z) > 0 for z < 3R and V'(z) < 0
for z > 3R, it follows that V() reaches its maximum value for 2 = 3R. This maximum
value is

V(3R) = §n(1R)(2R(R) - (GR) = (YR)(GR ~ §R) = ER.

3M\3 3
2

i "(z) = L 2,2 _ 3\—3(R2y — 2\ _ m_ 2Rz(4R—3x) I .
Since S'(x) = sm(4R*x* — 2R2?)"2(8R*r — 6Rx?) = 7§ o ool the critical points

of the function S(z) occur at x equal to 0, 3R, and 2R. Since S'(z) > 0 for 0 <z < 3R
and S'(z) < 0 for > 3R, it follows that S(z) reaches its maximum value for z = 4R.
This maximum value is

S(AR) = w(4R2(AR)2 — 2R(4R)%)? = m(BLR* — 1B RY)

M=

(192 128\ip2 _ 8r p2
=m(% — 57 ) R = 3\/§R'

A related problem was considered by Archimedes. Consider the sphere of radius r inscribed in
the cylinder with base the circle of radius r and height 2r. Archimedes had derived the expressions
%7?7“3 and 47r? for the volume and surface area of a sphere of radius r. He knew that the volume and
surface area of the cylinder (including its bases) are (77r%)2r = 27r® and (27r)(2r) + 27r? = 6712
respectively. So he knew that the respective ratios of the volume and surface area of the sphere to the
volume and surface area of the cylinder are both equal to % Archimedes was evidently very proud

of this discovery. According to the eye-witness report of the Roman statesman Cicero in 75 BC, the
2
3
(The location of the tomb today is unknown.)

fraction % and a figure of the cylinder and the inscribed sphere were etched on Archimedes’s tomb.

9.39. The area function A(z) is an antiderivative of f(x) = 1+x+2? that satisfies A(a) = A(3) = 0.
So A(z) has the form A(z) =z + 122 4+ 32° + C. Since 0 = A(3) =3+ 34+ 9+C =165 + C,
it follows that C'= —163. Therefore A(z) = x + 3% + 2% — 163.

9.40. Since A(x) is an antiderivative of y = cosx satisfying A(3) = 0, we see that A(z) = sinx + C
with 0 = A(3) = 1+ C. Therefore A(z) = sinz — 1.

9.41. This A(z) is an antiderivative of y = sinh x satisfying A(1) = 0. So A(z) = coshz + C' with

0=A(1) = % +C =%+ 2% + C'. Therefore A(z) = coshz — (5 + Zie)

9.42. Since the functions have the same domain (—o0, 00) and since they assign the same value at
each number of this domain (for example f(c) = F(c) = ¢(c) = ¢*+ 3c), these three functions
are identical.

11



9.43.

9.44.

9.45.

9.46.

9.47.

9.48.

9.49.

4 4
/ Vrdr = %x% 3 = %8 = 13—6. In the same way / Vidt = %t%ﬁ = % and again for the
0

0
remaining two integrals. The bottom line is that the variable used for the integrand of a
definite integral has no effect on the value of the integral. It is a so-called “dummy” variable.

t
In terms of the variables involved, the definite integral / Vrdz is equal to a number that
0

t
depends only on ¢. So the rule ¢t — / Vv dr defines a function. The value this function
0

assigns to any ¢ is the number
t
2.3 t 9243
A \/de = 5{[‘2‘0 = th

So the functions is t —» %t%. The numbers it assigns to 1,4, and 100 are 2,24
%(100)% = 2(1000), respectively.

3 _ 16
2 = 2, and

By applying the fundamental theorem of calculus, we see that
Fla)=—t"';=—2"'+3 Gx)=—z"",=—2"'+ 1, and H(t) = —x‘l}; =—t1+1
So F(4) = 1,G(4) = %, and H(4) = 1, and for any ¢, F(c) = =2 + 1, G(c) = =1 + 3,

4 4
and H(c) = —% + % It is clear that the three functions are identical. In terms of area, the
functions y = %,y = %, and y = 5 have identical graphs on their respective (), (z,y), and
(x,y) coordinate planes. So the areas under these graphs from 2 to any fixed number ¢ > 2

are also the same. Since
2 x
K(x):/ t%dt—l—/ t%dt:(—t‘lﬁ)—i—F(x):F(x)—i-(—%le):F(x)—l—
1 2

2
So K(xz) and F(z) differ by the constant C' = 1 equal to the area / 7 dt under the graph of
1
1
2

N[ —=

the function y = 5 fromt =1 to t = 2.

2

The fundamental theorem of calculus tells us that
/3 (2 +5) dt = (5¢° +5t)|; = $2° + 5z — (33° + 15) = 2° + 5z — 24.

So the function in question is x — %xg‘ + 5z — 24. Its value at x =5 is % +25—-24 = 42%.

T

The problem with defining this function by * — / (z? + 5) dz is the double use of x for

3
both the variable of the function and a limit of integration. (Under some circumstances this
could lead to serious confusion.)

The equality highlighted in the box toward the end of Section 9.6 tells us that F’(z) = z?+ 3z,

G'(z) = &%, and K'(z) = Va® +5.

The integral / dt defines an area function that has f(z) = 1 as its derivative (apply the

1
equality highlighted toward the end of Section 9.6 to see this). A look at Section 7.11 tells us
that this area function is how the natural log In x is defined for = > 1.

Such a definite integral is G(z) = / V/2t2 + 4dt. By the equality highlighted toward the end
0

12



of Section 9.6, G'(z) = g(x).

9.50. The circle in question is 22 + y? = 1. The upper half of the circle is the graph of the function
y =1 —2a2 For any z with —1 <z < 1, let G(z) be the area under the upper half of the
circle (and above the z-axis) from —1 to x. Observe (after changing variables from x to t)

that G(z / V1 —1t2dt. Given the equality (in the box) toward the end of Section 9.6, it
follows that G'(z) = V1 — z2.

9.51. With u = 4x — 5, we get Z—Z = 4 and hence du = 4dx and dx = %“. So

/(4x—5)édx = /u;-%“ = %/uédu—ﬂ u2+C’}

= 24z -5 +9 = L4z -5 +C
9.52. After trying the other possibilities, you will probably settle on u = 1 — 5z%. With this
substitution, Z—; = —10z and hence du = —10x dx. So

/10x(1—5x2)§dx = / %( du) = /ugdu:—[% 3—1—0’}
= 3(1-5a?) — = —2(1—5a?)i 4 C

9.53. With u = 2? and du = 2z dz, we get

/xcosx2dx = /(cosu)( du) = /cosudu

sinu+ C" = isina?+ C.
3

N |

Taking u = sint, we have 4 = cost and therefore

@
/sin3tcostdt:/u3du = “744—1-0 = }Lsin‘lt—i-C’.

9.54. With u = z + 1, the problem with the square root gets resolved. Note that du = dx and
r=u—1. So

/(x—1)(x+1)édx = /(u—zmédu: /(ui—zu%)du

TN U
I
ot
|
O

OJII\D
N\W
_.I_

=
_|_
=
Njot
Cﬁlvlk
—~
&
+
\’:
+
Q

9.55. For the first integral, let u = = + 3. Because dx = du and x = u — 3, we get

/x2($+3)édaj = /(u—3)2ué du = /(u2—6u+9)u% du

(z+3)7 — 2(x+3)5 +6(zx +3)7 +C.



For the second integral, let w = x — 2. Since dr = du and © = u + 2, we see that

/ el = / P du = / R du

= /(u‘1 +2u™? 4 4u~?) du

= lnu—2ut—2u24+C
= In(x —2) -2 -2 —2(x—-2)2+C.

9.56. Let’s try u = tanp with —% < ¢ < 7. Note that g—:; = sec? p and du = sec? ¢ dp. Therefore
secQQ _ du
/tan2 p+1 ng - /u2+l )

By Formula (10) from Section 9.11, / du_ —tan~'u+ C. So

u2+1

sec2 —

o o7 A = tan tanp) + C = o + C.

There is a much simpler approach to this problem. Dividing the identity
sin? ¢ + cos? o = 1

by cos? ¢, gives us the identity tan? ¢ + 1 = sec? ¢. So

sec?
/m%dcp—/dgp—g0+0

9.57. With u = 27 4+ 9, 2 = 72° Hence du = 72° dz and (looking ahead), 2%dz = Ldu. So

) 1u
/;;ﬁ)gd;c = /5(7:) = /%u‘lduzglnwl—i-(;’

= Snla"+9|+C.

9.58. Try u =1+ 2z + 42°. So % =2+ 8z = 2(1 + 4z). Hence du = 2(1 + 4x)dx. Therefore,

/(1+4m)(1+2w+4x2)5da€ = /uéd—“:/%ué du

9.59. With u = cosx, % = —sinzx and du = —sin x dx. Therefore

/tanxdx:/ﬁﬂdx:/—%du:ln]m+C’=ln|cosx|+C’.

Ccosx

9.60. With u = e*+ 1,du = e*dz and e¢* = u — 1. For the first integral we get

/(ez—i-l);ezdz:/ué du = 2u

For the second one,

[SI[9)

3
2

+C=2(e+1)2 +C.
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/(ez + 1)%ezzdz =

I
——
N
=
|
:
=
: .
Il
—
=
Njw
|
N
=
S

(S RGN
rojot

9.61. For the first integral, let u = 1 — 2. So du = —2x dx and z dx = —%du. For both x = —1 and
x =1, u=0. It follows that

1 0
/ \/1—$2xda::/ —%u%du:().
-1 0

Alternatively,
/\/1 —22xdr = /—%ué du=—1. %u% +C=—3(1 —xQ)% +C.
An application of the fundamental theorem of calculus confirms the earlier result.

For the second integral, let u = 3 + 52%. So du = 1522 dx. It follows that
3 3\3 9 138 1 3 1 92 5138 2 5 5
1(3—1—5x )2xtdr = ) Furdu= - 2uz| ) = 2(1382 — (-2)2).
Now we see that there is a problem because (—2)% = ((—2)2)? is not defined. For the integrand

(3 + 52%) 227 to be defined we need 3 + 52 > 0, hence 2* > —2 and o > —(2)5 ~ —0.84.
Since the integrand is not defined for —1 <z < —(%)% the integral does not make sense.

9.62. Let u = 1 + 4x3. So Z—Z = %x’% and hence 2~ 3dx = %du. When z =1 and x =8, u =5 and

u =9, respectively. Therefore,

8 2 1 9 1 9 1
/x_3\/1+4x3da7 = /uL%duz/ %uidu
1 5 , 5
2 2l = 1o} - 31
— LB (VE) = T 5VE)

9.63. Let u =1Inz. So % = % and du = d?’”. For x = 1 and 3, respectively u = 0 and In 3. Therefore,

L 3 , In3
/ (no)” n;”) dr = — / —(lr’f) dr = — / u? du
3 1 0

w0 = —L(In3)%,

1
3

9.64. Starting with v = x and dv = cosx dx, we get du = dx and v = sinx. So

/xcosxdx = /udv = uv—/vdu:xsinx—/sinxdx

= zxsinx +cosz + C.

15



9.65. With u = z and dv = ¢ dzx, we get du = dz and v = £¢°”. So

/me5xda:' = /udv:uv—/Uduzm-%e‘r’“c—/%e‘r’xd:c

1,15 R
e = E€ —|—C—5e 5:€ +C.

Turning to the integral / 2’ dzx, let’s check whether u = 2 and dv = €”*dz accomplishes

anything. Since du = 2z dx and v = %6596, we get

/5(7265xd.l’ = /udv:uv—/vdu:x2-le5 /21: L% dy

_ 2?2 b5z 2 5
= Te s | we dx.

Notice that the integral has been reduced to the one already solved earlier. So

2 5z _ﬁSx_2£5m_l5x 1 _ x% bx _ 2z 5z 2
/xe dr = e 5[56 +C}*5 %6 T 3¢

ot

9.66. Proceeding as suggested, we have u = Inz,dv = x dx, as well as du = %dx and v = %2 So

/a:lnmdx = /udv = uv—/vdu

z3

3

/x21nxdx = /udv = uv—/vdu:élnm—/x—;-%dx

_ 8 1 2 _ 3 1.3
= T lnx 3/xd:z:—3lnx s2° + C.

The suggestion is to let u = Inz and hence dv = 2> dz. So du = %dx, v = and we get

9.67. i. Integrating by parts with v = In(2? + 1),dv = dz, and hence du = xgil and v = x
transforms /ln(x2 +1)de = /u dv into uwv — /’U du = xIn(z?+1) — 2/;11 dzx.
ii. By a polynomial division 2+1 =1- IQH or by noticing that 1 — w21+1 = “;Q;{J:l = m;ﬁl,

we see that

xgil = /(1 — og)dr =17 — / —z57 dx. Therefore the integral of (i) is
equal to zIn(z* + 1) —2/ 2+1d:c_xln(x +1)—2x+2/ = de.

iii. By a result of Section 9.9.1, & tan™'z = So from (ii),

2+1
/ln(ac2 +1)dz = zIn(2? + 1) — 22 + 2tan" 'z + C.
iv. Differentiating the function xIn(x? + 1) — 2z + 2tan~'z, we get

-2+ 2+1 ln(:cZ—l—l)—l—w:ln(:cQ—i—l),

In(z? +1) +x - e

x2+1

so that this function is the antiderivative we need.

16



9.68.

9.69.

9.70.

9.71.

Let z = ¢2. Sodz:%t_édtand/cost%dt:/(cosz)-dez:Q/zcoszdz. Now let u = z

and dv = cos zdz. So du = dz and v = sin z. Therefore,

/zcoszdz = /udv:uv—/vdu

= zsinz—/sinzdz = zsinz +cosz + C'.
It follows that
/costé dt = 2[zsinz + cosz + C'] = 2tz sintz + 2cost? + C.

By applying the partial fractions maneuver,

1 A B A@@-3)+B(x—2) (A+B)x—(3A+2B)

(x—2)(x—3)—x—2+x—3_ (r—2)(z—3) (x —2)(x — 3)

so that A+ B =0 and 34+ 2B = —1. Since B = —A and 34 —2A = —1, we get A = —1
and B = 1. Combining this computation with the fact (from Section 7.11) that In|g(z)| is an
antiderivative of M for any differentiable function y = g(x), we get

/de—/—dx—k/—dx— In|z —2|+Injz—3|+C.

By the partial fractions maneuver once more,

r+1 A N B Alx-3)+Bx+2) (A4 B)r—(3A-2B)
(x+2)(x—-3) x+2 x-3  (z+2)(z—-3) (z +2)(x — 3)
and hence A—i—B-land 3A—-2B = —1. Addmg 2A+2B =2 and 3A — 2B = —1, we get
A= % and hence B = Z. So #9103) = 25 + ;5. Turning to the fact from Section 7.11

(

that In |g(x)| is an antlderlvatlve of g i for any dlfferentlable function y = g(z), we get

(z+2)(z—3) x+2

/x—“dx:— L dr + /ﬁdx:%ln|x+2|+§ln|x—3|+6’.

Since tanh 'z is involved, we will assume that —1 < 2 < 1. To see why, consider Figure 9.38

—%ln}z—;ﬂ—l—C isthe case s =1

and the discussion that precedes it. The equality / . :
of an equality verified in Section 9.7.3. It follows that

[Erde=—tmjz ]+ 0= |+ = b 4 C

Since —1 < z < 1, it follows that 1 > —z > —1. Hence both 1+ 2 > 0 and 1 —x > 0. So
i—ﬂ > 0 and hence by fact 3 of Section 9.9.2,

/ﬁdz— 11n(1+x)+C’—tanh x+C.

The formula 1 5 In ‘”1 | + (' is valid for all x except x = 4+1 and has much greater

applicability than the formula involving tanh™" 2 + C' as it requires that —1 < = < 1.

17



9.72.

9.73.

9.74.

Review the procedure described in Section 9.8 that leads from the graph of any increasing or
decreasing function y = f(z) to the graph of its inverse y = f~!(x). Applying it to the graph
of y = f(z) = vr2 — 22 for 0 < z < r we see that the graph of the inverse is the same as the
graph of the function. Two functions that have identical graphs must be the same function.
It follows that y = f~'(z) = V72 — 22 with 0 < z < 7. To verify this explicitly, let’s solve
y = /r? — 22 for z under the assumption that 0 < = < r. Doing this, we get ?> = r>—2z2, hence
2?2 = 7?2 — 32, and therefore z = /72 — y2. So the rule for the inverse is f~1(y) = /r? — 32.
Noting that 0 < y < r and relabeling the variable, we get f~'(x) = /72 — 22. Therefore
fH(z) = f(x) for all z with 0 < z < r.

By applying the formula d%ffl(m) = m to the function f(z) = cosz with 0 < z < m,
we get 4L cos™!(z) = m Since sin?z + cos?z = 1, sin?z = 1 — cos?z and hence
sinz = v/1 — cos?z (note that sinz > 0 over 0 < z < ). It follows that

d 1 1 _ 1

a -1 — — _
dz €08 (SL’) ~ —sin(cos~1(z)) —\/1—(cos(cos*1(x)))2 - 1—x2°

1

. . . . . 1 . . . _
Since the derivative of sin™" z is equal to ot the derivatives of functions cos™!(x) and

1
—sin~!(z) are equal. It follows that cos™'(z) = —sin~'(z) + C for some constant C' (and
all z with =1 < z < 1.) Since cos0 = 1 and sin3 = 1, cos (1) = 0 and sin~'(1) = Z.

= —sin"!(z) 4+ C at z = 1, we se that C' = Z, and hence that cos™*(z) =
—sin~!(x) + 5. Notice that some minus signs were erroneously omitted in the formulation of

Problem 9.73.

Evaluating cos™*(x)

The graph of the inverse y = f~1(x) of a function y = f(x) is gotten by reflecting the graph
of the function by reflecting it across the line y = x. So the two graphs have the same
shape and differ only in the way they are positioned. Figure 9.53 depicts the example under
consideration. It follows from the observation just made that the area bounded by the graph
of the function f(z) = 22 for x > 0, the y-axis, and the horizontal dotted segment is equal to
the area bounded by the graph of f~!(z) = \/z, the z-axis, and the vertical dotted segment.
Therefore the area under the graph of f‘l(x) = /x over the interval 0 < z < ¢ is equal to
the area cd of the rectangle determined by the point (¢, d) minus the area under the graph of
f(x) = 2% over the interval 0 < x < d. Translated, this is the equality

d c
/ \/de:cd—/ 22 dz.
0 0

By the fundamental theorem of calculus, the two integrals are equal to %x% ‘Z = %d\/a and
sz |(C) = 3%, respectively. Since ¢ = Vd, 2 = d and 28 = ¢ — 3, it follows that %d\/a =

cd — %c as we needed to show.

Now to the second equality. Since f'(x)? = 422, the term /1 4 422 suggests that this
time the lengths of the two graphs might be involved. It follows from the way the two graphs
are related, that the length of the graph of f~!(z) = \/x between the points (0,0) and (d, c)
is the same as that of f(z) = z* between (0,0) and (c,d). Since L f~(z) = %x’% = QIL% and
% (x) = 2z, the length formula of Section 9.3 tells us that

18



9.75.

9.76.

d c
/,/1+td:c:/\/1+4x2dx.
0 0

The second integral can be solved by letting u = 2z and du = 2dx and applying Formula (17)
of Section 9.11. Doing so, we get that this integral is equal to

2c
%/‘Jfﬁﬁmz [uvI+a®+n(u+ VIt
0
= 1[2c V1 +4¢® +In(2c + V1 + 4c2)].

d d d
The solution of the integral / 1+ de = / \i(E+4)de = %/ \/ £+ 4dz relies on
0 0 0

the substitution u = @/% + 4 that transforms the integral into one to which the algebraic

=

maneuver of partial fractions can be applied (the maneuver that deals with quadratic fac-
tors). We defer to the site http://www.integral-calculator.com/# for the details. The site
displays not only the solution, but also the steps involved. Type sqrt(1+1/(4x)) into the
box containing e~ (x/2)* sin(ax) and then click Go!.

We'll consider the situation of an increasing function (that if a decreasing function is dealt
with in the same way). The figure below depicts a typical situation. The relevant area ele-
ment is shown. Its thickness is dy and its length is . The corresponding value y = f(z) is its
y-coordinate. When it is rotated one complete revolution about the y-axis this thin strip gener-
ates a disc of volume 72% dy. The definition of the inverse implies that z = f~!(y) so that this

dy———————~ / (b, d)
y ‘
Y=/
\
RO
:

volume is 7f~1(y)?> dy. The volume obtained by revolving the region bounded by the graph
of y = f(x) and the lines y = ¢ and y = d around the y-axis is therefore equal to

- / (' () dy.

Since the cross-sectional area of the solid at y is wf~!(y)? the conclusion of Problem 9.35
provides the same result.

1

i. Since the derivative of tan~! z is we get by the chain rule that

$2+17
! _d —1(z—1) _ 1 d(z—1\ _ 1 (@) —(z—-1)
f (ﬁ) T dx tan (w—H) - (w—1)2 1dz(x+1) T (@2-2z+1)+ (22 +22+1) (z+1)2
ari) F (z+1)2
_ (@+D?* 2 1

T2(z241)  (z+1)2 T 2241

19



ii. Because f(z) and tan~'x have the same derivative, we should be able to conclude that
tan~! (i—ﬁ = tan"'x + C for some constant C. Let’s see how this conclusion holds up.
iii. Since tan(—%) = —1, tan~'(—1) = —Z. Plugging = = 0 into the equality of (ii) we get

—Z =tan"!(—1) = tan"'(0) + C, and hence that C' = —%. Therefore

tan_l(’:—’l) =tan" 'z — T,

z+1 4
iv. From Figure 9.33 we know that lim tan™'z = 7 and lim tan~'z = —Z. Combined
T—>—+00 T——00
with the equality derived in (iii) this implies that
~ “1(z=1) _ : “1(z=1) _ _3
xginootan (iﬁ) =7 and xgrjlootan (iﬁ) = —=T.
_ 1-1 1-1 . _ .
The fact that ﬁ = zgl—@ = 1+§ tells us that :171—1>I:Eoo i—ﬁ = 1. Since tan 7 = 1, we know
—1(1) — - ~ —1(z=1 : —1(z—1
that tan™'(1) = 7. It follows from this that xggloo tan (i—ﬂ) and IEIPOO tan (i—H) are

both equal to 7.

v. Clearly xl_i)rzloo tan~' (25) = —%F and xgglw tan~! (£5) = T cannot both hold. What has

gone wrong? The problem is that while y = tan=! z is differentiable for all z, this is not

the case for the function y = tan™! (i—:) at x = —1 where there is a discontinuity. It is
for this reason that the conclusion of part (ii) is wrong. It is the case that tan™! (i—ﬁ) =

tan~!z+C over each of the intervals (—oo, —1) and (—1, +00). However the two constants
C' are different.

9.77. Consider the parabola f(x) = x2. Let (c,¢®) with ¢ > 0 be a point on the parabola, and let

9.78.

L(c) be the length of the parabola from the origin (0,0) to (c,c?). See Figure 9.54. By the

length formula L(c) = / V1 + 422 dz. To determine L(c) we’ll use the substitutions u = 2z
0

and du = 2 dx along with the formula (from Section 9.10 or Section 9.11)

/\/1+u2du: Huvl+u?+In(u+vV1+u?)]+C

and the fact that In1 = 0 to get

c 2c
/ VItiaa?de =1 VItuldu=tfuvTI+u?+In(u+ VIt
0 0
= 5[20\/1 + (20)?2 + In(2¢ + /1 + (2¢)?)].

Project. As already pointed out this study relies on Kepler’s analysis in Sections 5.5 and 5.9
and in particular on Figure 5.39. Figure 9.55 below summarizes much relevant information
and includes the circular arc that the two slanting segments of Figure 5.39a determine. By
Problem 1.9 the center C' of the circle on which the arc lies is at the intersection of the
perpendicular bisectors of the two slanting segments of Figure 9.55b. The symmetry of the
situation places C' on the vertical line z = b as Figure 9.55a shows. The angulation of the
perpendicular bisector suggests—and our computation will confirm—that the coordinate c is
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y
0=(b.3n
P=(a,r) T~
a=2V2r b=3V2r . *
=(b,¢)
() (b)

negative.

i.

ii.

iii.

Let’s start with a look at Figure 9.55a. Since C' = (b, ¢) is the center of the circle and
3p — ¢ is its radius, the equation of the circle is (z — b)* + (y — ¢)? = (3r — ¢)%. Since
P = (a,r) is on the circle, (a — b)? + (r — ¢)? = (21 — ¢)?. Tt follows that

2
(V2r)2 + 12 = 2rc+ 2 = 22 — 3rc + 2

and hence that rc = 9 r? —3r%. So ¢ = (——% r —%r and %r —c = %T + %T =
97“ It follows that the equation of the circle on which the arc of Figure 9.55a lies is
(:c =0+ (y+ ) =(r)

We now shift this circle b units to the left into the position shown in Figure 9.55b. The
center of this shifted circle is the point (0,¢) = (0, —2r) on the y-axis and its equation
is 22 4 (y + 3r)% = (3r)2. Solving it for y, we get y + 3r = +,/(2r)? — 22. So the upper

half of this shifted circle is the graph of the function f(x) = (%r)2 —x? =3,

Continue to focus on Figure 9.55b and consider the barrel-shaped solid obtained by

revolving the region bounded by the graph of f(x) = (%7“)2 —x?— %r, the z-axis, and

the lines = —v/2r and z = v/2r once around the z-axis. By appealing to symmetry
and the formula (V;) of Section 9.2, we see that the volume V' of this barrel-shape is

V2r 9 V2r
V:27T/ ( (r)2—$2—§r> da::27r/
0

(81T2_l. — 3y (9r)2_x2+3r2> dr =
0
2r V2r
27T/0 (%ﬁ—ﬁ—%m/(%r) — xQ)dx = 27?/ (90 2 dm 37Tr/ w/ — x2dx.

16 2 4 16
By the fundamental theorem of calculus and the integral formula preceding Example 9.31

[ Ne]

in Section 9.10 with a = %r

Vv 45..2 9,..\2 2 -1 x var
—7r(4r:c r[a: (ZT) —x 2sin ?D .
= w(%r?’ 4‘3/5 5= 3r[vV2ry/( )2+ (9r)? Sin_l(¥)]>.

21



9.79.

9.80.

iv.

ii.

The rest consists of algebraic simplifications:

= (48— 47 5 [VR (3 — (VP + (92sin ! (42)))
(

7Trg(%gﬂ
(28 31E - 3840
(B8 285
= 7r7“3(17§’;/§ — 28 sm_1(4\[)) 16.1873.

We have shown that the barrel with circular sides depicted in Figure 9.55b has volume
V closely approximated by 16.18r3 where r is the radius of the barrel’s circular ends.
Inscribed in this barrel is Kepler’s model of the Austrian barrel. It has the same circular
ends and volume %\/ﬁm’?’ ~ 14.07r3.

Let s be the length of the slanting diagonal on which the Austrian wine merchants
based their measurement of the volumes of barrels. By applying the distance formula
to the points @ and P’ of Figure 9.55a, we get s> = (QP')? = (b—a)? + (3r +1r)? =
((3r)2 +2r%) = (B + 3)r2 = 32 and hence s = Y237, Since r = \/%s, the volume
V &~ 16.18r% ~ 16.18(\/%*33)3 ~ 0.68s%. A comparison of Figures 5.40 and 9.55b tells us
that the s for the barrel with the circular sides is the same as the s for Kepler’s Austrian
barrel inscribed in it. Since the wine merchants’ rule for determining the volume of a
barrel is Ve = 0.65% the price for a full barrel of wine for the circular barrel and Kepler’s

Austrian barrel will be the same, even though the volume of the latter (approximately
0.59s%) is about 10% less.

. Let z = tan 6 with —% <0< g Note that dx = sec? # df. Therefore

1 secQQdG
VaZ+l (tan? 9+1
Recall that tan?6 + 1 = sec®d. For —5 < § < Z, both cosf > 0 and sec > 0. So

sec = (1 + tan? 9)%. By applying the integral formula in Section 9.10 for sec, we get
/(Se&% = /sec@d@ = In|secd + tanf| + C.

tan? 0+1)2

Since tanf = x and sec§ = (1 + tan26)z = /1 + 22, it follows that
/—ﬁdm:ln|x+\/1+x2| +C.

. Taking z = secf with 0 < 0 < %, we get 2? — 1 = sec?# — 1 = tan® # and since tan6 > 0

over this range of 6 that v/2? — 1 = tanf. Since dx = secftanfdf, we get

/—\/%dx = /% secOtanfdf = /secgedQ.
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ii. Making use of an equality from Section 9.10,

/sec39d9 = 1 [secf - tan 6 + In [sec 6 + tan 6|] + C.
After substituting sec# = x and tanf = /a2 — 1 into this expression, we get

/\/— Hava? —1+In(z+ Va2 —1)] +

9.81. i. Consider the substitution x = sinf with —7 <6 < 7. So dx = cosfdf. Since 1 — x? =
1 —sin?6 = cos? @ and cosf > 0, we get

/ V2 gy = / sl cosfdf = / ws”d dp
= /1;;njf’d9 /S;lede—/sinede.

The integral / ﬁ df can be evaluated with the same trick that led to the solution

/Cosedﬁ—/sec@d@zln|sec«9+tan0|—1—0,

and cot 0 = C%e take the place of secf and tan 6.

except that cscf = 9

ii. The trick can be av01ded by use of the substitution x = cos8 with 0 < 0 < 7 and dx =
—sinfdf. Since sin? 6§+ cos?f = 1 and sin § > 0 over this range of 0, sin = /1 — cos2 6.

Using this and the formula /sec df = In|sect + tan | + C, we get

/\/?dx:_/mn@ Smedg_/%d@:/msed@—/secé’w

:sin8—1n|se09—|—tan9|—|—C:@_IH‘HWH_G

9.82. Solving 2—|—y2 = 1 for y, we get £ b2 =1- ‘”—2 = o’z Soy = (a —z?)and y = igan — 22
The + option provides the function f(z) = %(a ) that has the upper half of the ellipse
as its graph. Since

1 _1 -
Jl@) =3 e =) 5(=20) = —ha(@ = )3 = by

the length of the upper half of the ellipse is given by the integral

a
(a?—22)+bx? a*—(a?—b?)z?
/ 1+ 505 xzdx—/ T da / (=) 4
S (Z 7C m a 7621'2
- / a2 (12 12 dx / ~/ (12 12 d
—a

The trig substitution x = asin @ with —% < 0 < 7 and dx = a cos 6 df) transforms this integral

a?—a?s

2.2 2.2 .
/ Lﬁig‘e@(acose / 1 lcsino Sm 9 (cosf)d / V1 —e2sin? 6 df.
3 3 3

23



9.83. Withazlandb:Lz,c?:aQ—bQ:l—%:%andc:\%. Therefore, e = £ =

V1—¢e2sin®f = /1 — $sin®0 = \/% + 2(1 —sin® ) = \%\/1 + cos? 6 and therefore

\/5/2 \/1—528ir129d(9:/2 V14 cos?8do.

Since the length of the sine curve between the points (=5, —1) and (3, 1) is equal to its length
g

So

5

INIE]

between (0,0) and (7, 0), it follows from Section 9.13 that V14 cos?6df is the length of

s
-3
one loop of the sine curve.

3

9.84. Consider cosh 2% dz. Put into the four boxes of the trapezoidal-rule-calculator above:

0
Enter function: = cosh(x?), a = 0, b = 3, and successively n = 10, 20, 50, 100, and 200.
(The trapezoidal and Simpson rules calculators referred to have a limit of 200 on the number

of intervals allowed.) Then (possibly after dealing with annoying advertisements) push the
CALCULATE to get the trapezoidal approximations:

i. Ty = 894.6303, Toy = 767.5961, T59 ~ 729.9901, Tigg ~= 724.5377, and Thyy ~ 723.1714.
Then do the same thing with the simpsons-rule-calculator to get
ii. SlO ~ 7526349, SQQ =~ 7252513, 85[) ~ 7227877, 5100 7 7227202, and SQOO ~ 722.7160.

The close agreement between Ssg, S1g0, and Ssgg suggests that Sopy &~ 722.7160 is a close
approximation of the value of the integral. The convergence of the trapezoidal approximations,
on the other hand, is a bit sluggish.

100
9.85. Type 1/x into the Enter function: = box and repeat this with / %dm, to get
1

i. T100 ~ 4.6809 and T200 ~ 4.6251.

ii. SlOO ~ 4.6176 and SQOO =~ 4.6025.
iii. We know that / %dt defines the function Inz for x > 1. Therefore the actual value of

1
the integral is In 100, and this is approximated by 4.6052 with accuracy to four decimal
places. Once again, the Simpson rule wins the accuracy race.
Finally turn to
http://www.integral-calculator.com /#

and have the site solve the integrals by replacing e~ (x/2) * sin(ax) in the box by 1/(9+x~3) for
the first integral, sin(sqrt (x)), for the second, e~ (-x~2) for the third, cosh(x~2) for the fourth,

and sqrt (1-tan~2(x)) for the last. In each case click on Go! and go to Show steps for the details.
What has been achieved for e~ (-x~2)7
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