Solutions to Problems and Projects for Chapter 12

We are given a polar coordinate system in the coordinates r and 6 along with a su-

perimposed rectangular (or Cartesian) coordinate system with coordinates x and y. The

transformation equations x = rcosf and y = rsinf as well as r = /22 + y? and tan = £

that relate the two coordinate systems are relevant throughout.

12.1.

12.2.

i.

ii.

iii.

ii.

iii.

iv.

The equation 2z + 3y = 4 transforms to 2rcosf + 3rsinf = 4 and hence to

(2 cos #+3sin #) = 4. Since 2 cos #+3 sin # cannot be zero, r = f(6) = m.

Since #2 4+ y? = 4y transforms to r?cos?# + r?sin®§ = 4rsinf and therefore to
72(cos? § + sin?f) = 4rsinf, we get 72 = 4rsin@. For r # 0, this equivalent to
the equation r = 4sin@ which defines the function r = f(6) = 4sinf. So the
only difference between the equations r? = 4rsinf and r = 4sinf involves the
origin O. The first equation is satisfied by any representation (0,6) of O. The
second equation on the other hand is only satisfied by representations (0, 6) for
which sin# = 0. In this case, § =0, £, +27,... .

This equation transforms to
r? = rcos0(r? cos? § — 3r?sin? ) = 13 cos f(cos? § — 2sin? 0).

If r # 0, then r cos 0(cos®0 — 3sin?#) = 1. Because cos #(cos? § — 3sin? ) cannot

be zero,

_ _ 1
r= f(0> " cosf(cos2 0—3sin’0) "
The graph of this function does not include the origin because r cannot be zero.

In all other respects, its graph is the same as that of the Cartesian equation
2 +y? = 2(32% — 3y?).

. Since r > 0, the equation r = 5 transforms to /22 4+ y?> = 5. The distance

formula tells us that the graph of this Cartesian equation is the circle of radius 5.

Observe first that the only difference between the equations r = 3 cos§ and r? =
3rcos occurs when r = 0. Since cos = 0, the origin is on both graphs.
What happens at the origin is analogous to what was observed in the solution
of Problem 12.1ii. The first equation is only satisfied by representations (0, 6)
for which cos@ = 0. The second equation is satisfied by any representation (0, 6)
of O. The polar equation r* = 3r cosf transforms directly to the Cartesian (or
rectangular) equation 22 + y? = 3.

tan @ = 6 becomes % = 6.

Consider the equation r? = 2rsinftanf and note that the only difference be-
tween it and r = 2sinftanf occurs when r = 0, hence at the origin. Because
(r,0) = (0,0) satisfies r = 2sinftan, its graph is the same as the graph of
r? = 2rsinftan . This last equation transforms to 22 + y? = 2y - £. The graph
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12.3.

ii.

iii.

iv.

of this equation does not include the y-axis, namely the line z = 0. Any set of
polar coordinates of any point on this line (except the origin) involves one of the
is not

angles =72, £37 £3% . Since these are all angles for which tan§ = 2%

defined, r* = 2rsinftanf is not defined for any point on this line (except the
origin) either.

. The graph is the set of all (r,0) with »r = —6 and 0 completely free. Since the

distance of any point (—6, ) from the origin is 6, all such points lie on the circle
of radius 6 centered at the origin. The fact that any point (6,6) on this circle
can be expressed as (—6, —f#) means that the graph of the equation » = —6 is the
entire circle.

The graph is the set of all points of the form (r, —%”) with 7 arbitrary. The
angle 0 = —%’r = —%” is equal to —%’T - 180 = —4 - 60 = —240°. Consider
—%%. Any point on the ray has coordinates (r, —%F) with r > 0
and any point on the ray in the opposite direction has coordinates (r, —%”) with

8m 8w

r < 0. So the graph of the equation § = —5F is the line that the angle —<F

determines. The Cartesian equation of this line is given by tan(—%”) = . Because

tan(—%") = — tan(%") = — tan ¥ = —/3, the Cartesian equation is y = —v/3z.

the ray 0 =

The graph of 7 = 4sin 6 is the same as that of 72 = 4rsin 6. Any point (r,0) with
r # 0 that satisfies one of the equation satisfies the other too. Since sin0) = 0
the origin is on both graphs as well. Working with 7% = 4rsin 6 is easier since it
transforms to the Cartesian equation z? +y? = 4y. This equation can be analyzed
by completing the square. Because, 2% + y? — 4y + 22 = 22 = 4, we get

2+ (y—2)? = 4.

It follows that the graph of » = 4sin 6 is the circle with center the Cartesian point
(0,2) and radius 2.

The equation r(sin 6 + cos @) = 1 transforms to the Cartesian equation y +z = 1,
or y = —x + 1. This is the line with slope —1 and y-intercept 1.

12.4. As 6 varies from 6 = 7 to 0 = 37”, the ray that 6 determines rotates counterclockwise

through the third quarter. Since r = sin @ varies from 0 to —1, the points (r,6) move

in the first quadrant from the origin to the Cartesian point (0, 1). So it seems that the

right half of the circle of Figure 12.4 is traced out again. As 6 varies from 6 = 37“ to

0 = 27, the ray that 6 determines rotates counterclockwise through the fourth quarter.

Since r = sin@ varies from —1 to 0, the points (r,0) move in the second quadrant
from the Cartesian point (0,1) to (—1,0). So it seems that the left half of the circle
of Figure 12.4 is traced out once more. The same thing is true for columns 5,6, 7 and
8. The fact that any point (r, ) satisfying r = sin 6 lies on the graph of the Cartesian

equation z? + (y —

)2 = (3)? tells us that what “seems” is actually the case.



12.5.

12.6.

12.7.

The table is drawn in below. As ¢ varies from 0 to 7, 7 = cos 6 varies from 1 to 0, so

s 3 s
,5)- As 0 varies from 7

to m, r = cos @ varies from 0 to —1, so the polar point (r, ) traces out a curve in the

the point (r, ) traces out a curve from (1,0) to the origin (0

fourth quadrant from the origin back to (—1,7) = (1,0). So as 6 varies from 0 to T,

1 2 3 4 5 6 7 8

0=0= %s@sn ns@s%ﬂ T < 9=<2n 0202—% —%z@z—n —n292—32ﬂ —37”262—21

SIE]

2
1 cosf olo cosO R cos6 olo cosf 111 cos6 olo cos O RIS cos 6 olo cosf 1

the point (r,0) traces out a loop to the right of the y-axis. What loop is this exactly?
Since the graph of 7 = cos@ includes the origin, it is identical to the graph of r? =
rcos®. In Cartesian coordinates this is the equation is 2% 4+ y?> = z. Completing the
square for z2—z+y* = 0, we get 22 —z+(3)?+y? = (3)? and hence (z—1)*+y* = ()%
It follows that the graph of » = cos @ is the circle of radius % centered at the Cartesian
point (3,0).

For ax + by + ¢ = 0 to represent a line, it has to be assumed that one of a or b is
not zero. (If both are zero, then c is zero as well, so that any point (x,y) satisfies the
equation and the graph is the entire plane.)

The polar version of the equation ax 4+ by + ¢ = 0 is arcos€ + brsinf + ¢ = 0. So
r(acosf + bsinf) = —c. If ¢ # 0, then acosf + bsin @ is never 0 and

r= f<9) = acosH_JersinO
is a polar function with graph the given line.

Let’s assume that ¢ = 0. In this case, the line is not the graph of a polar function.
Consider the case b # 0 and hence the line y = —7 . Let 0y with —F < 6y < 7 be
the angle the line makes with the polar axis. Note that tanfy = £ = —% is the slope
of the line. For any point (r,6) on the line (that is not the origin), # must be one of
the angles 0y, 0y £ 7,0y £ 27,... . Assume, if possible, that the line is the graph of a
polar function r = f(#). Since any point on the line is on the graph, there must be for
any real number r a € such that r = f(0). But any such ¢ must be one of the angles

0o, 60y £ m, 0y £ 27, ..., so that there are not enough s to provide all real values r.

Each equation has the form r = with d > 0 and € > 0. So the graphs are conic

_d
1+ecosf
sections.

i. In these two cases ¢ = 1 and the graphs are both parabolas with focal point the
origin O and a vertical directrix = d. The directrix in the first case is the line
x = 4 and in the second case it is * = 8. Given these facts the parabolas are
easily sketched. The Cartesian equation is /22 +y2? + x = d. Since 2% + y? =
d? — 2dx + x? and hence y? = d*> — 2dx, a more transparent form of the equation
is y? = —2d(z — 2).



ii. Here ¢ < 1 so that each graph is an ellipse with eccentricity ¢, semimajor axis
d

= Vi
origin and (—2¢a,0) (in either polar or Carte31an coordinates) and the graph is

obtained by shifting the standard ellipse %5 -4+ U bQ = 1 by ea units to the left.

In the first case, ¢ = %, d=

a =

d 1=z, and semiminor axis b = In each case, the focal points are the

Y

m(IE T E T Ry v Rl 2
and the focal points are (0,0) and (—g, O) In the second case, e = 1, d =5,
_ 5 _5_2 p__ 5 __ 5 _ 10
ey A R ey AV R

and the focal points are (0,0) and (—%,0).

iii. Now ¢ > 1 so that each graph is a hyperbola with eccentricity €, semimajor axis

d .. . . d .
=7, and semiminor axis b = W In each case, the focal points are the

origin and (—2¢ca, 0) and the graph is obtained by shifting the standard hyperbola

2

a =

— g—j = 1 by ea units to the left.

a2
In the first case, ¢ = 3,d = 3,a = % = %,b = \/32’7_1 = \/ig, and the focal
1
points are (O 0) and (—%,0). In the second case, e =5,d = 1, a = 57 = 55,b =
2= = 2\F 4{7 and the focal points are (0,0) and (—;,0).
12.8. We'll start with the equation r = —2%— and determine € and d in each case.

14+ecosf

i. By Section 12.2 part (i), the directrix of the parabola is the vertical line z = d and

7

the focus is the origin. So d =7 and € = 1. Therefore the equation is 7 = .

ii. Since the semimajor and semiminor axes of the ellipse are a =6 and b =4

respectlvely, we know from Section 12. 2 part (ii) that - 2 =6 and \/7 = 4.

Since %= = 16, it follows that d = “ - 1’;2 = 166 = 8 Slnce 2 = 6, we get
_d_ 8 _ 5

1—¢£? == 15 = 5. 8So g2 = § and e = *5°. Therefore the equatlon that we are

looking for is r = 3 = 8 .
& 1+§ cos 0 34++/5cos

iii. The fact that the semimajor and semiminor axes of the hyperbola are a = 6 and
b=14 respectively, together with the information in Section 12.2 part (iii) tell us

that 55 = 6 and \/— = 4. Since 57— = 16, we get d = d21 . €2d_1 = %6 = %.
Smce 2 i = 6,¢e2 —1— = 188 = 5. Thereforee :%andsz @ So the

8

1 — 3 — 8
equation that we are lookmg for is r = v cpp i eV, ek

12.9. The following observation solves the problem. Suppose that two parabolas A and B
in the plane are related by the fact that the distances between the focal points and
directrixes are the same. Then parabola A can be moved in the plane in such a way
that the moved parabola A’ and the parabola B have the same focal point and directrix.
So the parabolas A’ and B coincide. This means that A and B have the same shape.
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12.10.

12.11.

12.12.

12.13.

12.14.

The ellipse discussed in Section 12.2 part (ii) has semimajor axis a = % and semimi-
d

nor axis b = ot Assuming that @ = 7 and b = 4, we see that ﬁ = 7 and

\/% = 4. Therefore % = 16 and it follows that d = li; . 1_;2 = %. Since leQ =1,
we see that 1 —e2 = ¢ =16, G0 ¢? = 3 and ¢ = Y3, This means that the ellipse (x)

16

given by r = 1+‘/?+ has semimajor axis a = 7 and semiminor axis b = 4. The ellipse
e COS

0
C' and the ellipse (x) can each be moved in the plane to coincide with the ellipse that

has equation ’;—; + i’—; = 1. Therefore the ellipses C' and (x) have the same shape.

The hyperbola studied in Section 12.2 part (iii) has semimajor axis a = % and
semiminor axis is b = \/;217—1' With @ = 5 and b = 3, we see that Eg‘il = 5 and
\/% = 3. Therefore % = 9 and hence d = EQdil . 52;1 = % Since 52{1 =5, it follows
that e? —1=¢=2 Soe? =% and e = */Tﬂ. Therefore the hyperbola (%) given by

= éwse has semimajor axis a = 5 and semiminor axis b = 3. The hyperbola

C' and the hyperbola (x) can each be moved to coincide with the hyperbola that has
equation g—; — % = 1. Therefore the hyperbolas C' and (*) have the same shape.

The ellipse with equation r = #‘fme and e < 1 discussed in Section 12.2 part (ii) has

semimajor axis a = ﬁ and semiminor axis b = —%. Since b = 1f52 we see that
2

1-e2 1 d __ b 2 1 _ b _ a?-p?
— = o= Hencee®=1—-5 ="

i

_ 4> 1-e
d= 1—e2 d

= % Since we get 1 —¢? =
b2
and € = —Vaga’bZ It follows that the graph of the equation r = ——=2——— is an ellipse

2 52
14 Vat=b e

with semimajor axis ¢ and semiminor axis b. Since this ellipse and the ellipse C' have
the same semimajor and semiminor axes, they have the same shape.

The hyperbola with equation r = IL and € > 1 discussed in part (iii) of Section 12.2
+ecosf )
has semimajor axis a = 62‘1_1 and semiminor axis b = \/%7_1. Since b? = 62‘1_1 we get
2 2 2 . 2_ 2
d =L .= — ¥ gnd since =L = 1 we see that €2 — 1 = ¢ = & Hence
g4—1 d a d a’ a a 5
2 _ b2 a?4b? _ Va?+4b? ; —_ %
ef =1+ 5 = 5= and ¢ = ¥***=. So the graph of the equation r = VR

cos 6
is a hyperbola with semimajor axis a and semiminor axis b. Because it has the same

semimajor and semimajor axes as hyperbola C it has the same shape as C.

The equation r = where d > 0 and € > 0, can be written as r 4+ ersinf = d.

d
T+esing’
The corresponding Cartesian equation is ++/22 + y? + ey = d.

Let’s begin with the case ¢ = 1. Since /22 + y? > y and d > 0, it follows that the
minus alternative does not occur and hence that /22 + y2 + y = d. That this is an
equation of the parabola with focal point the origin and directrix the horizontal line
y = d can be seen as follows. Let P = (x,y) be any point in the on the parabola. Its
distance from the origin is \/x? + y2. Since d > 0 the directrix lies above the focal
point. It follows that y < d and that the distance from P to the line y = d is d — y.



12.15.

12.16.

So v/x2+y?> = d — y and hence y/x% + y?> + y = d. Since this is the equation derived
earlier it follows that the graph of r =
and directrix the line y = d.

We'll now suppose that € # 1. Squaring both sides of ++/x2 + y? = d — ey, we get
in successive steps (one of them a completion of a square)

Y +gin 5 is a parabola with focal point the origin

22 +y? = d? — 2edy + £%y?
22+ (1 —&?)y? 4 2edy = d?

z? 2 2¢d ,, __ _d?
1—e2 +yt 1 2Y = 122

x? 2ed e2d? e2d?

2 _ _d?
1—¢2 +y+ 129 + (1—e2)2 — 1-¢2 + (1—e2)2

et (v + 2%)" = B8 = (1), and

1—e2
d
22 | Whits)®
a2 (—L)2 =1
1—e2 1—e2

Now proceed as in cases (ii) and (iii) of Section 12.2 to show that the graph of this
equation is an ellipse if € < 1 and a hyperbola if £ > 1. In each case the y-axis is the
focal axis and the origin is the upper focal point.

Over the interval 0 < 6 < m, r = f(f) = sin6 is positive and equal to the distance
from (r,0) to the origin. A look at the graph of Figure 12.4 shows that this distance
increases from 0 to 1 as the ray determined by 6 rotates from ¢ = 0 to § = 7 and
decreases from 1 back to 0 as this ray moves from 7 to w. The point traces out the
circle in the process. Over the interval m < 6 < 2w, r = f(0) = sin 6 is negative so that
the distance from (r,0) to the origin is —r = —f(f) = —sinf. As the ray determined
by 0 rotates from 6 = 7 to § = 27 the point (r,0) traces out the circle again. In the
process, its distance — sin @ from the origin increases over 7 < # < 37” and decreases
over 3% < @ < 2r. The derivative f'(§) = cos reflects this behavior of the graph. It
is positive over 0 < 6 < 7 and negative over § < 6 < 7. Over 7 < 6 < 2w, —cos0 is

positive for 7 < 0 < 37“ and negative over 37“ <0< 2m.

Let P = (f(0),0) be any point on the graph of a polar function f(#). Assume that P is
not the origin O, so that f(#) # 0. Consider the point (f(6 + Af),0 + Af) for a small
positive Af. Draw the segment from O to this point and put in the circular arc with
center O and radius f(#) between the rays determined by 6 and 6 + Af. Figure (a)
below sketches a situation where the graph of the function lies below this circular arc.
The curving triangle of the figure is the beak at P. With As the length of the circular

arc the radian measure of Af is Af = %. So x5 = a: - f(0). After a substitution,

f(O+A0) — f(0)  f(O+A0)— f(0)
Af - As - F(0).

Put in the tangent line to the graph of r = f(0) at P, and let A be the point of

6



f(0) - fO+A0) tangent to the
As P

/ graph at P
\ tangent to the

circle at P

r=f(0)

(b)

intersection of the tangent with the ray determined by 8+ Af. Also put in the tangent
line to the circle at P, and let B be the point of intersection of this tangent and the
same ray. The two tangent lines and the ray form the triangle AAPB that we call the
triangle at P. See Figure (b).

f(0+A0) — f(9)

As

to 0, the segment OAB rotates toward the segment OP. Both the beak at P and
the triangle at P shrink in the direction of their tips at P. The shrinking triangle

We’'ll now push Af to 0 and investigate Ahomo . As A# is pushed
—

approximates the shrinking beak better and better as the gap between OBA and OP
closes. In the process, As gets closer to BP and f(0)— f(0+A0) = —(f(0+A0)—f(6))
to AB. Therefore, as A# is pushed to 0,

—(f(0+A9) — f(9)) AB

closes in on the ratio —.

As BP

Because the tangent line to a circle at a point is perpendicular to its radius to the
point, we know that the angle at P between PO and PB is 7. So as Af shrinks to 0,

the angle Z/PBA approaches 7, and the triangle AAPB approaches a right triangle
with right angle at B. It follows that the ratio % closes in on the tangent of the angle
ZAPB. Because ZAPO =~ and ZBPO = 7, the angle ZAPB = 7 —~. By putting

it all together, we have demonstrated that as A# shrinks to 0
—(f(6 + A0) — f(0))

AB
closes in on Bp and this in turn on tan(j — 7).

As
Since tan(§ — ) = —tan(y — 5) we have verified that
[0+ A0) - f(0) _ r
Alggo As = tan(y - 3).

We have now arrived at the conclusion f'(0) = f(0) - tan(y(¢) — 5) in the case of

Figure (a). The notation () emphasizes the fact that v depends on 6 that is to say,
v = (0) is a function of 6.



12.17.

12.18.

12.19.

12.20.

Consider the function r = f(0) = == 9 Rewriting the equation as rsinf = 2 gives us
the Cartesian version y = 2. That v(0) = 6 follows from elementary geometry. See
Figure (a) below. To confirm the equality f'(0) = f(0) - tan(§ — 7), observe first that
f1(0) = —2(sinf) % cos = —2252. Next, we’ll rewrite tan( — Z). Using a diagram
similar to Figure 4.25 and the argument in Section 4.6 that establishes the identities

cos(f) + 5) = —sinf and sin(f + 7) = cosf, we get the identities cos(f — 7) = sin6

and sin(f — §) = —cosf. It follows that tan(f — 5) = :z;(((;:?) = =P Therefore
2

f(0) - tan( — 3 ) is also equal to —2%%.

Consider f(0) = cosf. Its graph (described in Problem 12.5) is the circle with center
the polar (and Cartesian) point C' = (3,0) shown in Figure (b) below. Since the radius
C'P is perpendicular to the tangent at P, the angles v and ZOPC add to 7. Since the
triangle AOCP is isosceles, ZOPC = 6. So v+ 0 = 7 and v — § = —6. It remains to

rsinf =2 i y,
15
0 ) 7\ /0
0 ol c=.0) 0
(a) (b) ()
check that —sin @ = cos 6 - tan(—60). But this is so since tan(—6) = i:;((:z)) = —snf

After r = f(0) = ——=
Cartesian version of this equation is y = x + 1. Its graph is the slanted line depicted in
Figure (c) above. The triangle in the figure tells us that v+ § + (7 —0) = 7. It follows
that ¥ = 6 — Z and hence that tan(y — %) = tan(¢ — 2). By applying the addition

is rewritten as r(sinf — cos @) = 1, we recognize that the

formulas for the sine and cosine to sin(d — 2%) and cos(# — %) we get
3Ty sin(f—37) - smé)cos(——)—f—cos@sm(—g’—")
tan( - I) o cos(Bf:’i’r) - cos@cos(f—)fsmesm( 3:%)'
Since cos(—2F) = cos(3r) = —% and sin(—2) = —sin(2F) = —i, it follows that
vz vz
3 7—sm67—cosn9 in@ 0
tan(f — ) = *§0050+§sin9 = tosismg- Because f(f) = (sinf — cosf)~", we get
1/(0) = —(sin@ — cos§)2(cosf + sinf) = —%.
The fact that f(6) tan(d — 3F) = 1. sinbicosd —% verifies the formula

f'(0) = f(0) - tan(y — 3).

In this problem the angles v and ¢ are restricted 0 <y < 7 and 0 < ¢ < 7 (but there
are no restrictions on ). The concern is the determination of the slope tan ¢ of the
graph (in the Cartesian context) in terms of polar data. Observe that if () = 0, then

tan(y(0) — 5) = tan(—7). In this case both tan(y(#) — 5) and f'(f) are undefined.

8



i. If f(0) # 0 the formula f'(0 ) = f(0) - tan(y — ) tells us that tan(y — ) = ’}/((g))
1f

is the angle ¢ with —7 < ¢ < 7 such that tan ¢ =
tan(y — 7). The fact that v satlsﬁes 0 <~ <mand hence -z § v — 5 < 5 means
that v — 5 = ¢ except when 7 = 0 when tan(y — 7) is not deﬁned. Therefore
either v = tanflf((e)) + 5 or v = 0. Let’s turn to Figure 12.36.

Adding up the angles of the triangle AABP tells us that o + (7 — ) + vy =7
in case (a) and 0 + (7 — ¢) + (m — ) = 7 in case (b). So ¢ = 0 — v in case
(a) and ¢ = 0 — v+ 7 in case (b). The fact that sin(¢ £ 7) = —sin¢ and
cos(¢ £ ) = — cos ¢ for any angle ¢ (see Example 4.18 for instance) tells us that
tan(¢ £ m) = tan ¢ and hence that the slope of the tangent line is

The inverse tangent tan~

tan p = tan(6 — )
in either case. It is not hard to check that this equality also holds when AABP
is “degenerate” (for instance if v =0, or if § is 7 in case (a) or 0 in case (b)).

ii. Differentiating the equations x = r cosf and y = rsiné (using the product rule)

dr _ d dy _ d :
we get 95 = S5 cosf) —rsinf and 9 = 95sinf + rcosd. Since —Z is the slope of
the graph in Cartesian terms it follows that
tan o = dy _ Z—_g _ 2 . sinf + rcosf
d d e
dx % 95 cos —rsind

If r = f(6) =0 and % = f'(f) # 0 this simplifies to tan ¢ = 2 = tan 6.

cos @

12.21. We'll start by computing the angle + in all these cases. The values of f'(0)/f(0) =

sin 6 T T W

Creosg for 0 equal to 0, §, 7, %, and § are computed in the table below. Since f'(6) is

JT TT JT
0 0 3 T 3 T
' 1 V2 V3
JAC) 0 - -5 -5 -1
Q) 2 1+ 1+22 1+4 1
) -1 -1 -1
/16 0 V3 fv3 v -1
defined for these angles, v # 0 and hence v = tan™! J}((e) +75 for each of them. The values
of tan_lf for the numbers in the last row of the table are 0, —0.3509, —0.3927, —
and — 2 Wlth the second and third being approximations. (Use the inverse tan button

of a calculator or the definition of tan). After adding § ~ 1.5708, we find that v is
equal to 5 = 90°,1.2199 ~ 69.90°, 1.1781 ~ 67.50°, = 60°, and § = 45° for 6 equal to
0,5 1 g, and 7, respectively. Since f(6) # 0 for these angles, case (i) of Problem 12.20
applies to tell us that corresponding values of tan¢ = tan(6 — «) are the undefined
tan(—7), tan(§ — 1.2199) ~ —0.84,tan(} — 1.1781) ~ —0.41,tan(3 — 3) = 0 and
tan(5 — §) = 1, respectively. These numbers are the slopes of the tangent lines to



the graph of f(6) = 1 + cos# for 6 equal to 0, 51> 3, and 7, respectively. Check that
they are consistent with the way the graph of f(0) = 1 4 cos@ in Figure 12.38 rises

and falls. Notice that the tangent is vertical for § = 0 and horizontal for 6 = %

Finally to the slope of the graph at the origin (0,7). For # < 7 and close to 7 the
graph lies above the polar axis and we’ll study how it flows into the point (0, 7) with

a look at lim . Since sinf > 0 for § < 7 and close to m, we know that
0—m—

10 _ —sinf | l-cosf) _ 1 -1 _
Jim S0 = i (e L) i st = o,
A look at Figure 9.33 tells us that ehm tan~? ’;((g)) = —7 and hence that 11m Ly(0) = 0.
—T

The figure below illustrates What we can conclude. As 6 is pushed to 7T the segment
from the origin O to the point P = 0) flows into horizontal position and the angle

P=(f(0),0)
P=(f(0),6)
0 P=(f(6),6)

between the tangent at P and the segment OP goes to zero. It follows that the tangent
at O is the horizontal line § = 7. (An analysis of 91im+ shows that this is also the case
—T

for the graph below the polar axis.)

12.22. The graph of r = 1 4+ 2 cos 0 is sketched below with
https://www.desmos.com /calculator /ms3eghkkgz (polar graphing calculator)

NI TALT, [ 11/

/ f 1 \
r=1+2cosH
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12.23. Since f(#) =sin26 and f'(0) = 2 cos 26, we get the table

12.24.

12.25.

o 0 G 5 5 7
1) 2 1 0 -1 -2
1) 0 3 1 . 0

1©)/f(©6) | undefined & 0 - = undefined

We'll study () = tan—' L9 4 % and tan(0 — v(0)) for the specified angles 6.

f(0)
Start with = 0. Since £ is not defined, we’ll consider lim tan~ L The fact
f(0) 0—0+ f@
that 611m+ ‘;’;’gz = 400 in combination with Figure 9.33 tells us that
—0
: —1f(9) _ 1(cos20\ _ w
eligﬁ tan™" oy = 0113(1)1 tan™ (sin20) =3
and hence that 013&7(9) = 91_1)1})1+ tan_l% + 5 =m. So 013& tan(f — v(0)) = 0 and it

follows that the tangent to the graph at (0,0) is horizontal. This is in agreement with
the depiction of the graph in Figure 12.40.

We take 0 = ¢ next. A calculator tells us that tan_l(\%) ~ 0.8571, so that v(§) ~
0.8571 + 1.5708 = 2.4279 and tan(§ — v(§)) ~ tan(—1.9043) ~ 2.8865. Moving to
0 = Z, we get tan"'(0) = 0 so that v(§) = 0+ % and hence that tan(§ — (%)) =
tan(f — Z) = tan(5*) = —1. For § = £ we see that tan_l(—\/lg) ~ —0.8571 so that

Y(Z) ~ —0.8571 4 1.5708 = 0.7137 and tan(Z — (%)) ~ tan 0.3335 ~ 0.3464.

Finally to 8 = Z. Here too f((e)) is undefined, so that we’ll consider lim tan™ %
0—35~
The limit hm % = —oo and the graph of Figure 9.33 inform us that
0 2
: 170 _ 7: —1(cos20\ _ _«
92%1, tan™" oy = GLH;tan (sin2€) 2

and hence that lim v(f) = lim tanfl% + 5 =0. So lim tan(f — () = +oo.
0=3" 0—=35" 9—T -

This time the tangent to the graph at (0, 0) is vertical just as the graph of Figure 12.40

indicates. Check the values for the slopes of the graph at the points corresponding to

the angles 0 = %, 7, and % against Figure 12.40.

The double angle formula tells us that r = sin20 = 2sinfcosf. So r® = r?sin20 =
2(rsin)(rcosf) = 2zy. Since r = +/x? + 42, it follows that (z* + yz)% = +2xy.

The graphs below were drawn by https://www.desmos.com/calculator /ms3eghkkgz.

i. The graph of r = 2cos 26 is similar to the graph of r = sin26. It is obtained
by the same strategy and is also a four-leaf rose. The coefficient 2 stretches the
leaves by a factor of 2. The fact that the Cartesian graph of r = cos 26 is gotten
by shifting the Cartesian graph of r = sin26 by 7 units to the left explains the
fact that the rose of r = 2 cos 20 is obtained by rotating the rose of the sine by 7.

11
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r=2cos20
ii. We turn to r = —4sin30. As the ray 6 rotates from 0 to g, r slides from 0 to —4

and as ¢ goes from ¢ to 7, 7 goes from —4 back to 0. The loop on the lower left of
the graph below is traced out in the process. Similarly, as the ray 6 rotates from

% to %’T, 7 slides from 0 to 4 (at # = ) and back to 0 tracing out the upper loop.
Next, as the ray 6 rotates from 2 to m, r slides from 0 to —4 (at § = 2F) back to

0. This traces out the loop on the lower right. As the rotation of # continues the
graph we already have is repeated. For example, as ¢ moves from 0 to —%, the

A ARYNERY
A
X
1 \ N/
r=-4sin30

loop on the lower right is traced out again. As # moves from 7 to 4?“, the loop on
the lower left is repeated.

12



iii. Finally to the polar graph of r? = 9sin26. Note that 9sin 20 > 0, so that § must

fall into one of the intervals [0, 2], [, 2%], [27, &), ... or [-Z, —7], [ 2, —27], ... .

As the ray 6 rotates from 0 to 7, r = +3+/sin 26 slides from 0 to 3 (at 6 = T)

27
and back to 0. In the process, the loop on the upper right of the graph below

is traced out. But r = —3+/sin 20 is also possible. This time as € varies from 0

to 7 the loop on the lower left is traced out. Similar considerations show that as

f varies from 7 to 37“, r = 4+3+/sin 20 traces out the loop on the lower left again

and r = —3+/sin 20 repeats the loop on the upper right. As ¢ varies from —7 to
—m, r = +3vsin 26 and r = —3+/sin 20 trace these loops once more. The same

r2=9sin20

is the case as 6 sweeps from —37“ to —27. The fact that the values of sin 260 repeat
tells us that the graph of 72 = 9sin 260 is complete as sketched.

12.26. The relevant formulas are sin 26 = 2sin 6 cos @, cos 20 = cos? § —sin? @ and sin(f + ¢) =
sin f cos ¢ + cos 6 sin ¢. By taking ¢ = 26 in the last formula, we get

sin 30 = sin #(cos? @ — sin? @) + cos H(2sin O cos §) = 3sin f cos? § — sin® 0.
i. For r = 2cos 20 we get r = 2(cos? § — sin?#) and hence
3 =2(r?cos?0 — r?sin?0) = 2(z? — y?).

Therefore (22 + y2)2 = 2(22 — y?).

ii. For r = —4sin 360 we get r = —4(3sinf cos? § — sin®f). So
rd = —4((3rsin0)(r? cos? §) — r3sin® 0) = —4(3yx? — y3) = 4(y> — 3ya?).

Therefore (2% + y?)* = 4(y® — 3ya?).

iii. Since sin 260 = 2sin 6 cos ), we get r* = 9(2sin 0 cos ), and hence
rt = 9r?(2sinf cos§) = 18(r sin 0)(r cos ) = 18yz.
Therefore (22 + y?)? = 18yx.

13



12.27.

12.28.

The Archimedean spiral v = f(0) = 36 satisfies £ = 1 Since f/(6) > 0, r =

f(0) 0
f(0) = 30 is an increasing function of §. So < (@) throughout. It follows that
0 < (v(f) — 3) < % throughout. For 6 small and positive % = tan(y(0) — %) is large

and positive. So the graph of the tangent tells us (see Figure 9.32) that v(0) — J is

close to 5. So v() is close to 7 and hence (see Figure 12.9) the expansion of the spiral

_ T

2

is rapid. For 6 large and positive v(0) is close to 0. By the same argument v(#) is

N

r=30

close to 7 and the expansion of the spiral is slow. A look at the graph of r = f(6) = 360
confirms what we have observed.

Ty = f(0)

For the equiangular spiral f(0) = 2eVE we see that tan(y(0) — 3) = T = \/ig

follows that v(0) — 5 = & and hence that v(0) = %’T The graph of this spiral is

It

70

Sle |

r=2e

sketched above. Since f'(0) = %e% we see that the length of the spiral from 6 = 0
to 8 = 27 is given by

14



12.29.

12.30.

12.31.

2w 2m 2
/«Mﬂ®2+fwﬁd9:/mM&Jﬁ+§agﬂézxﬂ+§/)Ve%%w
0 0 0
2
= ,/%/ 6%9 do = %(\/56%0 |37T) = 4(6273—1) ~ 146.
0
The area that the spiral (along with the polar axis) encloses is
2 2 5 2 5 5 - s
L:%fWVdH:ZA %Meﬂ%dﬁziA 2¢v3’ df = (V3 V") | = V3(eVs — 1) & 2450.

The fact that the two shorter sides plus the bottom side of the rectangle determined
by the intervals [—10, 70] on the z-axis and [0, —30] on the y-axis (see the figure) add
to 30 4+ 80 + 30 = 140 and that its area is 80 - 30 = 2400 confirms the reasonableness
of the two answers.

Since y = rsinf, the graph of the polar function r = f(0) = - is the line y = 1. It
3

4
follows that the integral / % L~ df is the area of the triangle of Figure (a) below.

sin? 0
%
h
y=1 y=-2x+3
60°
[0 0 x=4 0]
(a) (b) ©)

3m

4
Since this area is equal to £(2-1) = 1, it follows that /

1 —
Lodg=2.

ENE]

Since x = rcosf, the graph of the function r = f(f) = —15 is the line z = 4. It

follows that / ’ %(ﬁ)Q df is the area of the triangle with base 4 and height h shown in
0

u
3
0

Figure (b) above. Since 2 = tan60° = /3, h = 4v/3 and/ 5 do = 14-4/3 = 8V3.

After writing r = f(0) = as rsinf + 2rcos = 3, we see that the graph of

3
sin 642 cos 0
this polar function is the line y = —2x + 3 with slope -2 and y-intercept 3 sketched in

Figure (c) above. The integral / ’ 1£(6)? df is the area of the right triangle bounded
0
by the graph of y = —2x + 3 and the z- and y-axes. It follows that



12.32.

12.33.

Similarly, /2 V(@)% 4 f(0)?do is the length of the hypotenuse of this triangle. So
0
by the Pythagorean theorem,

/fwd%\/w:\@:%'

In terms of the particulars it turns out that these area and length integrals are essen-

™

2
tially the same. From the area integral we get % / W do = % and hence that
0

s
2
1 _1
sin 0+2 cos 6)2 do = 2°
0

Let’s turn to the length integral. Since f(6) = 3(sinf + 2cosf)~!, we see that
F(6) = —3((sin 6 + 2 cos ) 2(cos § — 2sin f) = 22sno—cost)

" (sinf+42cos6)?"
Hence
2 1I0\2 32 32(2sin0—cos0)? _ 32[(sin 0+2 cos )2+ (2sin H—cos §)?]
f(‘g) + f <9) " (sin6+2cos )2 + (sin6+2cos0)* (sin 6+2 cos 0)*
o 32(5 sin? 0+5 cos? 0) 325
(sinf+2cosf)t 7~ (sinf+2cosf)*"

Therefore /02 VO + f1(0)2do = /02 % df. Because this integral is equal
to %\/5, we see again that

3
1 -1
/0 (sin 0+2 cos 0)2 df = 2"

With f(6) = sin 8, we get f'(0) = cos 6, so that \/f(0)2 + f'(9)2 = V/sin? § + cos2 0 = 1.
It follows that these lengths are equal to

3n

3z s 27
ﬂ 1d9=(%{—§)=g,/01d9:7r, and/o ldx =2,

4
respectively. By Figure 12.4 the graph of r = sin 6 in is a circle of radius % A look at the
limits of integration tells us that the first, second, and third integral are equal to one-
half the circumference of this circe, the full circumference of this circle, and twice the
circumference of this circle, respectively. These lengths are 1(27(3)) = Z,2n(3) = m,
and 2(2m(3)) = 2 respectively, as before.

We see from the graph of r = f(0) = sin 0 of Figure 12.4 that the integral / % sin® 0 df
0

is equal to the area of a circle of radius 3. So its value is 7(1)* = Z. Letting oo = 6

in the equality cos2a = 1 — 2sin? @ of Problem 1.26ii, and solving for sin?6, we get

sin®# = £(1 — cos 20). Using this equality, we get

/O%Sin29d9:/0 %(1—60829)0[9:i(Q—%sin29)|g:§.

16



12.34.

12.35.

12.36.

12.37.

Section 12.2 tells us that the graph of r = f(0) = m
3

e =2 and d = 4. By part (ii) of Section 12 2 the semimajor and semiminor axes of

3
: : d 4 4 d 4 4 12
this ellipse are a = %5 = TEE =T =5 6 and b = Vi e = ﬁ =

is an ellipse with eccentricity

5
Recall from Section 5.7 that the area of an ellipse with semimajor and semiminor axes

a and b is abm. Since / : (m) df is one-half the area of the ellipse it follows that
0

[ M) o = 4o = B
The derivative of r = f(6) = —1+ecow =d(1+ecosf)™!
F1(0) = —d(1 + £ cos ) *(—esinf) = Lm0

(14+ecosf)? "
Therefore
FO)2+ f1(0)2 = d? d2e2sin?9 _ d*(14ecosf)® +d%e?sin® 0 _ d242ed? cos §4-d2e>
T (14ecosh)? (14+ecosf)t (14ecosh)4 - (14ecos )4 :

Since /f(0)? + f(0)? = dv(ﬁf;i*;;;) €. the integral d / > 1f jzjfsgecos df expresses the

length of the conic section f(6) = between the rays 6 = a to 6 = b.

1+5 cos

In the parabolic case e = 1 and v/1 + €2 + 2ecosf = v/2 + 2cos ) = \/5(1 + cos 9)%
b
and the integral is \/_d/ —1 d6.
(1+4cos )2

jus

A study of the solution of Problem 12.30 tells us that / ’ l(
0

2 cos@) do = %(4 4) 8.

™

I I
After changing notation from 6 to x we get / S —dr = % / 8 dx=3.
0 0

cos? x cos? x

™

By looking at the solution of Problem 12.33 and Figure 12.4 we see that / 1sin?0df =
0

jus

2
sm(3)% = £. After changing the variable we see that / sin®zdz = %,
0
27
After studying the solution of 12.34 we see that %(r) df is the area of the

entire ellipse with semimajor and semiminor axes a = g and b = So the value of

—
oo

2
this integral is (%)(T)ﬂ' = ;\3} It follows that /0 (H%#I)Q dx = i(%w) = %8571

The circle (x — 1)? 4 (y — 1)? = 2 has center (1,1) and radius v/2. Its graph is sketched
in the figure below. The Cartesian points (2,0) and (0,2) are on the circle and the
segment joining them is on the line y = —x + 2. It follows that (1,1) is on this line as
well so that the segment is a diameter of the circle.

Since x = rcosf and y = rsin @, we get

(x =1+ (y—1)>=(rcosf —1)* + (rsinf — 1)?

17



= (r?cos?0 — 2rcosf + 1) + (r?sin®6 — 2rsinf + 1)
= r? — 2r(cosf + sin 6) + 2
and hence r* — 2r(cos§ +sin f) = 0. Assuming that r # 0, we get 7 = 2(cos 6 + sin §).

For 6 = ‘%, r = 2(—‘/75 + ‘/75) = 0 so that the origin is on the graph of the polar

function r = f(0) = 2(cos @ + sin ). Hence its graph is the entire circle.

™

A look at the figure tells us that / ’ 5/(0)? d6 is the area consisting of half the circle
0

plus the triangle with base and height equal to 2. So

™

/wgﬂm%wzéﬂv®2+a22):w+z

0

It also follows from the figure that /QWCM = 1(2mv2) = V2r.
The two integrals can be solved d(i)rectly. Since f(#) = 2(cosf + sin ),
f(0)* = 4(cos? 0 + 2 cos Osin § + sin? 0) = 4(1 + 2sind cos ).
Hence /2%f(0)2 df = /22(1 + 2cosfsinf) df = (20 + 2sin? 9)|§ = 7+ 2 as before.
Since f’?@) = 2(—sinf +0cos 6), we get
f'(0)% = 4(sin® @ — 2sin 6 cos O + cos? ) = 4(1 — 2sinf cos §).

So f(6)* + f'(6) = 8 and / VIO T F07 do = 2/26|F = v/an.
0
12.38. i. The area of the cardioid r = f(0) = 1 + cos @ of Figure 12.38 is equal to

2 2
A%ﬂWM:A%ﬂﬂmWM.

With the equality cos®f = $(1 + cos 20) this integral is easily solved. Since

1
2
(14cosf)? = 142cosf+cos?§ = 1+2cosf+3(1+cos26) = 3+2cosf+ 1 cos 20,

we get

18



2m
/ (1 +cosf)?df = (26 + 2sin6 + isinQQ)‘iﬂ = 3.
0

ii. The derivative of f(0) = 1+ cos@ is f'(0) = —sin 6. Therefore
F(O)2+ f(0)2=1+2cosf + cos? 0 +sin?§ = 2 + 2 cos § and hence

/F\/f(0)2 + f1(0)2df = /W\/2 +2cosfdf = \/§/W\/1 + cos @ d6.
0 0 0

As 0 moves from 0 to 7 one-half of the cardioid is traced out, so that this integral
represents one-half of the length of the cardioid.

iili. With u =1+ cos#f, we get Z_Z = —sinf and du = —sin 6 df. From the fact that

sin? @ + cos?# = 1 and sinf > 0 over 0 < § < 7 we get that sinf = (1 — cos? 9)%,
and hence that

sinf = (1 —cos?0)2 = (1 — (u—1)2)2 =
0V1+4cosfdf = —

1—u?+2u—1)2 = (2u—u?)z.

Ol o~

du = — (2 u)Qdu—\/;_iudu, and

T
(2u— u2)7

i mde_f/ = du—\/§/02\/21—udu

Observe that the integral L du = li
g \/0 2-u c—2— 0
iv. Let’s try v =2 — u and dv = —du. So
c 2—c 2
lim | -2— du = lim =L dv = lim v idv = lim 2112
c—2Jo V2-u c—=27 Jo M =27 Jo_¢ C_>27 ‘ a

= lim 2(v2 — V2 —¢) = 2V2.
c—2~
Combining the conclusions of (ii), (iii), and (iv), we get that one-half the length
of the cardioid is

/ NGO \/5/ VT cos0dh = V3(2v2) = 4.
0 0
v. So the length of the cardioid r = 1 + cos 6 is 8.

12.39. With regard to Figure 12.41 the simple fact is that for some graphs (or parts of graphs)
the length f(6;) df of the circular arc does not approximate the length of the graph
between the rays determined by 6; and 6;,; with sufficient accuracy.

Consider the function » = f(f) = sinf. Its graph is the circle sketched in Fig-
ure 12.4. Notice that as § moves from 0 through small positive angles, the point (r,0)
on the graph recedes quickly from the origin. This part of the graph illustrates the

problem of “sufficient accuracy.” Consider the rays ¢ = {5 and 0 = 5. The ray 0 = 5

cuts the graph at the point (sin {3, {5) ~ (0.26,0.26). By the length formula for a

circular arc, the circular arc centered at O from this point to the ray 6 = § has length

19



12.40.

F($H)(§ = 15) = (sin 5)(5 — 15) = (sin 5)(55) ~ 0.0226.
Let’s compare this against the length of the graph of the function between these two

o=

Q ¢
jwn)
Il
(@]

rays. This length is
5 5 ™
/ﬁ V(0)2+ f1(0)?df = /ﬂ Vsin? 0 + cos2 6 df) = 0 ‘% = (§ — 15) = 35 ~ 0.0873,
15 15

or about 4 times the length of the circular arc.

A comparison of the correct and incorrect formulas for one-half the length of the
circle of Figure 12.4 shows how these differences accumulate. The incorrect formula

tells us that /2f(0) df = /2 sinf df = — cos 9‘5 = —(0—1) = 1, whereas the correct
0 0
result is /2\/f(9)2 + f1(0)2do = /2\/sin26+00826d9 =0 |01 =2~ 157
0 0

i. Putting the equations for z(t) and F,(t) together tells us that F,(t) = —max(t)
where m is the mass of the point. So when for a given time ¢ one of z(t) or Fj () is
positive, the other is negative. Since F,(t) = —my(t) there is a similar connection
between y(t) and F,(t). It follows that F}(¢) always points in the direction of the
y-axis and that F,(¢) points in the direction of the y-axis.
ii. The slope of the slanting segment in Figure 12.42a connecting P and O is gg:g =

%. Turn to Figure 12.42b and assume that P is in either the first of third
quadrant. Since the parallelogram law holds, the resultant runs in the direction
of the diagonal of the rectangle in each case. The slope of the diagonal is tan ¢ =

;gggl in each case. Since Fj(t) = —ma(t) and F,(t) = —my(t) and x(t) and y(t)

P IF, (1)
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have the same sign, tan p = % is also equal to the slope of the slanting line of
Figure 12.42b. It follows that the resultant of the forces F(t) and F,(t) lies on
the line joining P and O. A similar argument works when P is in the second or

fourth quadrants.

iii. A combination of (i) and (ii) shows that the resultant of F,(t) and F,(¢) is a
centripetal force on P acting in the direction of the origin O.

iv. This is confirmed by the computation

F(t) = \/Fgc(t)2 + F,(t)? = mva2cos?t + b2 sin?t = my/x(t)2 + y(t)2 = mr(t).

12.41. If the angle 6(t) of Figure 12.23 increases at a constant rate, then the formula r(¢)%¢'(t) =
2k of Section 12.8 informs us that r(¢)? is constant and hence that r(¢) is constant as
well. This means that the orbit is a circle. Since r = f(6) is constant and g(0) = f(6)71,
it follows that ¢() is constant and hence that ¢’(f) and ¢”(6) are both zero. In turn,
F(t) = 4mr?g(0(t))? is constant.

12.42. Since a(rsinf) + b(rcosf) = ¢, the Cartesian version of the equation r = f(0) is
the line ay + bz = ¢. Since ¢ # 0, the origin is not on the line. Note that g(f) =
L(asing + beosb). So ¢'(0) = L(acos — bsinh) and ¢"(#) = L(—asin® — bsinh). It

follows that ¢”(0) = —g(#). An application of the centripetal force equation tells us
that F(t) = 0.

12.43. The assumption that the magnitude of the centripetal force satisfies the inverse cube

law F(t) = K s = Kmg(0(t))? for a constant K combined with the centripetal force

equation F(t) = 4mx?g(0(t))*[g(0(t)) + ¢"(6(t))] implies that 4k*[g(0(t)) + ¢"(6(t))] =
Kg(0(t)) and hence ¢"(6(t)) + [1 — £5]g(6(t)) = 0. It follows that the function g(6)
satisfies

g"(0) + [1 - E5]qg(0) = 0.

So y = g(f) is a solution of a second-order differential equation of the form studied in
Section 11.6. With respect to the constants A, B, and C' introduced there, observe that
A=1,B=0,and C =1— L. Therefore B> —4A4C = -4(1- £ ) =5 -4 = Kdn?

K2
Case 1. If K > 4x?, then B? — 4AC > 0 and Case 1 of Section 11.6 applies. So g(6)

is given by

VEK—4r2 VEK—4k2
g(@):Dle KQ,;L o + Dge™ Kzn4 0

for some real constants D; and Ds.

Case 2. If K = 4x?, then B? —4AC = 0 so that Case 2 of Section 11.6 applies. Since
A =1, and B = C = 0, the only root of the characteristic polynomial z? is zero, and
hence ¢(0) is given by

g(0) =Dy + Dyb

21



for some real constants D; and D.

Case 3. If K < 4x?, then Case 3 of Section 11.6 applies, so that
g(0) = D; sin (—““;;K 0) + D, cos (—“4’;2_[{ 0)
where Dy and D, are real constants.

12.44. i. Since r = f(0) = a0+ , we know that g(f) = af + c. So ¢'(0) = a,¢"(8) =0, and

F(t) = 4mrg(6(t))2[g(6(1))] = 4mn2g(0(1))* = 4r? 5.

ii. For r = f(0) = m, we get g(0) = acos(bd + ¢). So ¢'(0) = —absin(bl + ¢)
and ¢”(0) = —ab?®cos(bd + ¢) = —b?g(f). Hence g(0) + ¢"(0) = g(0) — b*g(0) =
(1 —b*)g() and therefore

F(t) = 4mr2g(0(t))* [9(0(t) +9"(0(t))] = dmr?(1-0%)g(0(t))* = 4r>(1—b%) ;7.

iii. Given r = f(0) = acosh}beﬂ), we know that ¢(#) = acosh(bd + ¢). Hence ¢'(0) =
absinh(bd + ¢) and ¢”(0) = ab? cosh(bd + ¢) = b?g(#). Therefore g(0) + ¢"(0) =
9(0) +b%9(0) = (1 +b*)g(0) and

(

F(t) = 4mr?g(0(1))* [g(0(1)) +¢"(6(t))] = 4mr?(1+82)g(6(t))* = 4k (141?) .

Let’s look at the conclusions of Problems 12.43 and 12.44 side by side. Problem 12.43
describes all orbits of point-masses driven by a centripetal force that satisfies an inverse cube
law. It classifies all the polar functions r = f(f) that have such orbits as graphs by showing
that they belong to one of three basic types. Problem 12.44 goes on to provide three ezamples
of functions with graphs that describe orbits of point-masses that are pushed by a centripetal
force satisfying an inverse cube law. The logical implication is that these three examples
should all appear in the classification that Problem 12.43 provides. Example (i) appears
as Case 2 of the conclusion of Problem 12.43. But what about examples (ii) and (iii)? It
turns out they belong to Cases 3 and 1 of this classification, respectively. In the situation of
example (ii) this is a consequence of the addition formula for the cosine (Problem 1.25). For
example (iii) it follows from the addition formula for the hyperbolic cosine (Example 7.47).

12.45. It was shown in Part 3 of Section 12.10 that the mass M; of the typical spherical shell
within the sphere of radius R (as depicted in Figure 12.29) is approximately

M; = (4nc;Ax;)p(e;) = 4mciple;) A,

Since the sum of the masses of the n shells is the mass M of the sphere, we see that

M = ZM Z47rc p(ci) Ax;.

=0

By repeating this computation again and again for partitions P of smaller and smaller
norm ||P|| the approximations involved get tighter and tighter so that in the limit,
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n—1

M = lim Arc?p(c;) Ax;.
PHO; ip(ci)

R
Since this limit is nothing but / 4rz?p(z) dx we have verified that the mass M of the
0

sphere is given by this integral.

The last two problems show that the inverse square law—that correctly expresses the

magnitude of the gravitational force between point-masses and homogeneous spheres—is the

exception rather than the rule. For instance, it fails to describe the magnitude of the force

with which a homogeneous disc or cylinder attracts a point-mass.

12.46.

12.47.

The solution will make use of the short-hand approach to integration (rather than the

longer and more detailed path using partitions, norms, and limits). Since the disc D
M
TR2
(given by mass over area). Let’s focus on the typical thin circular ring of radius = and

thickness dr shown in Figure 12.43. Cut the ring and straighten it out to form a thin

is homogeneous with radius R and mass M it has constant density equal to p =

rectangle of height dx and length equal to the circumference 27z of the ring. The area

of this rectangle is (27x)dx so that it has mass 2wpz dx. By applying the conclusion

of Part 1 of Section 12.10, the gravitational force with which this ring attracts the

point-mass m acts in the direction of its center O with magnitude %. Since
X

this is so for each of these circular rings as x varies from 0 to R, it follows that the

resultant of these forces (that is to say the force with which the entire disc D attracts

the point-mass m) acts in the direction of O with magnitude equal to the sum of the

Gm(2mpx dz)c (
(c3+a2) 3

times before we know that this sum is given by the integral

R RQW(l)x R
F :/ Gm2mpzdre 1, Gmc/ =Ry = Gm1§240/ ( 2 dr.
0 0 0

3
(C2+CC2)§ (I2+02)§ x2+02)§

magnitudes as z varies from 0 to R). By arguing as we have so many

R
The integral / 2t dx is easy to evaluate. With u = 22 + ¢ and du = 2z dx,
0

(@427

R R24-c? . | R
2 _3 -1 1 1 1 1
= 2 = — 2 = = =
/o (22+c2) % dv /c2 e du 2u ‘62 2 R?+4c? \/02) 2(c \/RQ+C2)’

We have shown that the gravitational force of the disc on the point-mass is directed

to the center O of the disc with a magnitude F' = GQ%W (1 — ﬁ)

Since the mass of the cylinder is homogeneously distributed its density p is the constant
M
TR2h"
one of the typical thin discs of thickness dz that the cylinder has been sliced into. See
Figure 12.44. The volume of the disc is #R?dz so that its mass is mR?*dx - p. The

point-mass m lies on the central axis of the cylinder at a distance ¢ — x from the disc’s

obtained by dividing its mass M by its volume wR2h. So p = Let’s focus on
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center. By the conclusion of the previous problem, the gravitational force with which
the disc attracts the point-mass acts in the direction of the center of the disc with a
magnitude of

m(mR2dx-p) c—zx _ —x
G2 R2 L (]. — R2+(cf:v)2) == G . 2m7r( )dl’(l — m)
(e

(R2+(c—)?)2

Summing things up over all the discs from z = 0 to x = h, we find that the force
with which the cylinder attracts the point mass is directed along the central axis of
the cylinder with a magnitude of

h
2mM _c—x 2mM r—c
/ G ( (R2H(c—2)?) ) © = G /0 (1+ (R2+(c_m)2)%) e

M\»—A

h
Since / (1 + ’”—l) dr =h +/ —2=¢ _ dz, it remains to solve the integral
0 (R?+(c—x)?)2 (R?+(c—x)?)

h
/ (RQL dx. To this end, we’ll start with the substitution ©« = x —c and du = dx
+

(c—2)2)2

[N

h h—c
to get / —= ——dr = / - du. Next, we'll let v = R? 442 and dv = 2u du
o (R%+(c—z)?) e (R2+u2)

Dl

so that

h—c R*+( )21 1 R2+4(h—c)? 2 2\4 2 2\ 1
/ “ du:/ 3V §dv—v‘R2+c2 =(R°+ (h—c¢)?)z — (R*+ *)=.

I
¢ (RP4u?)2 R24-¢?

NI

Putting things together, we finally see that F' = G225, (h— (R2+2)2+(R2+(c—h)?)
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